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FOR WEIGHTED SCHUR CLASSES 



ALEXEY TIKHONOV 



Abstract. We study factorizations of operator valued functions of weighted 
Schur classes over multiply-connected domains. There is a correspondence 
between functions from weighted Schur classes and so-called "conservative 
curved" systems introduced in the paper. We show that the fundamental 
relationship between invariant subspaces of the main operator of a conserva- 
tive system and factorizations of the corresponding operator valued function of 
Schur class, which is well known in the case of the unit disk, can be extended 
to our case. We develop new notions and constructions and discuss changes 
that should be made to the standard theory to obtain desired generalization. 



0. Introduction 

It is well known that there is an one-to-one correspondence between (simple) 
unitary colligations 

%=(L ^ J eC(H®m,H®m), 21*21 = 7,2121*=/ 



M L 

and operator valued functions &(z) of the Schur class 

S = {9e H°°(p,C{%m)) : ||0||oo < 1} • 

Here H, 9?, 971 are separable Hilbert spaces and £(01, 9Jt) is the space of all bounded 
linear operators acting from 0T to 5Dt . The mapping defined by the formula O(z) = 
L* + zN*(I - zT*)~ 1 M* , \z\ < 1 is one of the directions of the above mentioned 
correspondence. The operator valued function 0(z) is called the characteristic 
function of the unitary colligation 21 and its property ||0||oo < 1 is the consequence 
of the unitarity property of the colligation 21. 

The reverse direction of the correspondence is realized via functional model 
whose essential ingredients are Hardy spaces H 2 and H 2 _ (see |3])- These two sides 
of the theory (unitary colligations and Schur class functions) are equipollent: both 
have simple, clear and independent descriptions and we can easily change a point 
of view from unitary colligations to Schur class functions and back. This context 
gives a nice opportunity to connect operator theory and function theory in a very 
deep and fruitful manner gj. 

One of the cornerstones of the theory is the link (see between factorizations 

of characteristic function Q(z) and invariant subspaces of operator T, which goes 
back to 5 and 6 . The most simple way to explain this connection is to look at it 
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from the point of view of systems theory and to employ the well-known correspon- 
dence between unitary colligations 21 and conservative linear discrete time-invariant 



The conservative property (the property of energy balance) of £ corresponds to the 
unitarity property of the colligation 21. If we send the sequence u(n) into the system 
£ with the initial state x(0) = , we get the identity y(z) = S(z)u(z) , where 



fi(*0 = £~= z1l < n ) > y( z ) = E,T= z "y( n ) > and s ( z ) = L + zM V - zT )~ lN ■ 



Note that the transfer function S{z) of the system £ is equal to ®~(z) , where 
®~(z) := Q*(z) is the dual function to the characteristic function Q(z) of the 
unitary colligation 21 . 

Sending the output of a system £ 2 = {T2, M2, AT 2 , L 2 ; H2, 9T, £) into the input 
of a system Si = (Ti, Mi, Nx, L\; Hi, £, 971), we obtain the cascade system E 2 i := 
£2 • Ei = (T21, M21, N21, L21; H21, 91, 971). It is clear that the transfer function 
52i {z) of the system £ 2 i is the product of the transfer functions of systems Ex, E 2 
and it is easily shown that 



where H21 — H\ © £f 2 . The subspace Hi is invariant under the operator T21 and 
therefore, if we fix the characteristic function 2 i(z), one may hope to study in- 
variant subspaces of the operator T21 using this approach. Unfortunately, there are 
some pitfalls for this: the operator T 2 i can vary when we run over all factoriza- 
tions of 2 x(z)- More precisely, the variable part is the unitary component T 2 x u 
from the decomposition T 2 i = T 2 i s © T2\ u into completely non-unitary and unitary 
parts . In this connection, recall that any conservative system E can be uniquely 
represented in the form E = E s © £„, where H s — H c V H a , H u = H © H s , 
H c = V„> r™A^(^), H = V„> (T*)"A/*(97t) . Here E s and £„ are the simple 
and "unitary" parts of the system E, respectively. A system E is called simple if 
H = H s . A system (T, 0, 0, 0; H, {0}, {0}) is called "purely unitary" system if the 
operator T is unitary. 

B. Sz.-Nagy and C. Foia§ established the following criterion (see m2): the prod- 
uct of consecrative systems E 2 i = E 2 ■ £1 is simple if and only if the corresponding 
factorization 2 i(z) = O 2 (z)0i(z) is regular. The product 2 i(z) = 2 (z)0i(z) 
of Schur class functions is called regular if 



This definition of regularity is equivalent to standard one from pp . 

Moreover, B. Sz.-Nagy and C. Foias, described (Theorems VII. 1.1 and VII. 4. 3 
in pP) an order preserving one-to-one correspondence between regular factorizations 
of a characteristic function and invariant subspaces of the corresponding model 
operator, where the order relation for invariant subspaces is the ordinary inclusion 
and for factorization the order relation is 2 0i -< 0' 2 0i , where we write 2 Gi -< 
Q'2^1 ^ there exists 9 G S such that 6 2 = 6 2 6* and Q[ = 6*6 1 . Extension of 
this correspondence between factorizations and invariant subspaces to the case of 
weighted Schur classes is the main aim of the present paper. 




x(n) £ H, u{n) € 91 , 
y (n) E 971, n > . 




Ran(I- e;(z)9 2 (z)) 1/2 nRan(7- 6i(z)9i(z)) 1/2 = {0}, a.e. z e T. 
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We shall consider operator valued functions (or rather, sets of operator valued 
functions) of weighted Schur classes Sz ■ 

S E := {(6+,S + ,S_) : 9+er(G +1 £(?! + ,?l_)), 

v(ec VneDi + ||e+(CH_ >c <|H + , c }, 1 nj 

where 7l± are separable Hilbert spaces; G + is a finite-connected domain of the 
complex plane C bounded by a rectifiable Carleson curve G, G_ = C \ clos G+ 
and oo S G_; E± are operator valued weights such that E±, E^ 1 G L°°(C, C( S R±)), 
S±(C) > 0, C G G , and ||n|| ±iC := (3±(C)n, n) 1/2 , n G Dt±. We shall also use the 
parallel notation 9 <E Cfn whenever O 6 Sh ■ 

First, we recall the construction of free functional model of Sz.-Nagy-Foia§ type 
(see EH El)- Let II = (7r+,7r_) be a pair of operators tt± € £(L 2 (G, 91±), W) 
such that 

(tt±tt±)z = z(ir±n±); (i) 2 tt* ± tt± » 0; 
(m)x (7r^7r + )z = z(7r^7r + ); (m) 2 P_ (7r^7r + )P+ = 0; (Mod) 
(Hi) Ran 7r + V Ran 7r_ = 7Y , 

where ^±,7^ are separable Hilbert spaces; the notation A >> means that 3 c > 
such that Vu (Au, it) > c(u, u) ; the (nonorthogonal) projections P± are uniquely 
determined by conditions RanP± = £' 2 (G±,0T±) and KerP± = P 2 (G T ,9 r l T ) ; 
the spaces P 2 (G±,*Tl±) are Smirnov spaces |3j of vector valued functions with 
values in s yi± (since the curve G is a Carleson curve, such projections exist); the 
operators 7Tj_ are adjoint to tt± if we regard tt± : L 2 (C, E±) — * TL as operators 
acting from weighted spaces L 2 with operator valued weights E-t = 7r5-7r± . In this 
interpretation 7r± are isometries. 

Note that, in our model, we strive to retain analyticity in both the domains G+ 
and G_ with the aim to reserve possibility to exploit techniques typical for bound- 
ary values problems (singular integral operators, the Riemman-Hilbert problem, 
the stationary scattering theory, including the smooth methods of T.Kato). Thus 
we will use both the Smirnov spaces P 2 (G±), which are analogues of the Hardy 
spaces H 2 and P 2 . The requirement of analyticity in both the domains conflicts 
with orthogonality: in general, the decomposition L 2 (C) — P 2 (G+)+P 2 (G_) is 
not orthogonal. Note that the combination "analyticity only in G+ and orthog- 
onality" is a mainstream of development in the multiply-connected case starting 
from PHI- In this paper we sacrifice the orthogonality and therefore at this point 
we fork with traditional way of generalization of Sz.-Nagy-Foia§ theory [1111121 IT3| . 
Nevertheless, our requirements are also substantial and descends from applications 
(see [HI EI US] ) : m HI we studied the duality of spectral components for trace class 
perturbations of a normal operator with spectrum on a curve; the functional model 
from goes back to the paper [TJj , which is devoted to spectral analysis of linear 
neutral functional differential equations. 

The operator tt^_tt + can be regarded as an analytic operator valued function 
(■n^_-n: + )(z), z e G+. In this connection, we shall say that the set of operator valued 
functions 

6 = (7rl7r +) 7r^7r + ,7T*7r_) € S s . (MtoC) 

is the characteristic function for a model H Note also that the relation (MtoC) 
defines the transformation = T cm (I\). Conversely, for a given 6 £ S3, it is 
possible to construct (up to unitary equivalence) a functional model n G Mod 
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such that 6 = (7r^7r+, 7r^7r+, tt^tt-) , i.e., there exists the inverse transformation 

Fmc ■= Fcm (see PropOJ- 

At this moment we should look for a suitable generalization of conservative sys- 
tems (=unitary colligations). We define curved conservative systems in terms of 
the functional model. Let II £ Mod. Define the model system £ = J-" sm (II) := 
(f,M,N,e u ,E;ICe,Vl + ,yi-) , where 

re£(/C e ), Tf:=Uf-n+Mf; 

M £ C(JC e ,m + ) , Mf:=±Jfrlf){z)dz; 

N £ £(yi-,}C@) , Nn:= Pe7r-n; (MtoS) 

<d u is the unitary "part" of 6 = (ir^_ir + , H) ; 

5 := (7T*7T + , 7T*7T_) | 

/ € K® := RanPe , : = (I — 7r+P+7r+)(J — 7r_P_7rl) , n £ 0I_ , and the normal 
operator 11 with absolutely continuous spectrum lying on C is uniquely determined 
by conditions Uir± = ir±z . In the sequel, we shall refer the operator T as the 
model operator. The unitary "part" U is determined by the unitary constant part 
6° from pure- unitary decomposition JJEj of Schur class function 6°(u>) = 9°(u>)© 
0°, ttieD, where 0°(w) is the lift of the (multiple valued character-automorphic) 
operator valued function (x-® + X+)i z ) to the universal cover space |1(J|: x± are 
outer (character-automorphic) operator valued functions such that x±X± = ^± • 
Note also that the formulas (MtoS) define the transformation £ = T sm (J\) ■ 

A coupling of operators and Hilbert spaces E = (T, M, N, U , S; H, $1, 9Jt) is 
called a conservative curved system if there exists a functional model II with 9T_|_ = 
0^ and 9t_ = 9Jt, a Hilbert space K U) a normal operator P u £ C(K U ) , and an 
operator X £ C(H, JCq © JC U ) such that er(T„) C C, X^ 1 £ £(/C e © /C u , P), and 

£ = (T, M, AT, M , S; if, % 3Jt) ~ (£ © £„) , (Sys) 

where £ = .F sm (II) and £„ = (f u , 0, 0, 0; JC U , {0}, {0}) . We write Ei~E 2 if 

xTi = t 2 x , Mj = m 2 x , iV!i = ]v 2l 0i„ = 2 „, Si = S 2 . 

The spaces 1C@ and /C u play roles of the simple and "unitary" subspaces of the 
system £ © £ u , respectively. A curved conservative system E is called simple if 

p(T)nG + ^0 and f] Ker M(T - z)' 1 = {0} . 

In the case of unitary colligations this definition is equivalent to standard one 
whenever p(T)nD ^ . Note that there appear some troubles if we attempt to ex- 
tend the standard definition (simple subspace = controllable subspace V observable 
subspace) straightforwardly. 

In the case when G+ = D and H± = /, for a conservative curved system E = 

f T N 

(T, M, N, U , S; H, 9T, SETt) , we can consider the block-matrix 21 = 



M L 

where L = 9 + (0)*. It is readily shown that 21 is a unitary colligation and 
+ (z) = L* + zN*(I - zT*) _1 Af* , \z\ < 1 , i.e. E is a conservative system and 
+ is the Sz.-Nagy-Foia§ characteristic function. In the case of simple-connected 
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domains we lose the property of unitarity for the matrix 21 but we can regard a 
system E = (T, M, N) as the result of certain transformation (deformation) of a 
unitary colligation (^conservative system) |SJ|U]. Another reason to call our sys- 
tems "curved conservative" is the fact that the characteristic function of such a 
system is a weighted Schur function. 

Thus, we have defined the notion of conservative curved system. Note that linear 
similarity (instead of unitary equivalence for unitary colligations) is a natural kind 
of equivalence for conservative curved systems and duality is a substitute for orthog- 
onality. The following diagram shows relationships between models, characteristic 
functions, and conservative curved systems 

Cfn ^=±: Mod -^*- Sys . (dgr) 

As we can now see, characteristic functions and conservative curved systems are not 
on equal terms: first of them plays leading role because the definition of conservative 
curved system depends on the functional model, which, in turn, is uniquely deter- 
mined by the characteristic function. But, surprisingly, the conservative curved 
systems is a comparatively autonomous notion (i.e., though we define such systems 
in terms of the functional model, many properties and operations with conserva- 
tive curved systems can be formulated intrinsically and do not refer explicitly to 
the functional model) and one of the aims of this paper is to "measure" a degree 
of this autonomy with the point of view of the correspondence "factorizations of 
characteristic function <-> invariant subspaces" . 

If we are going to follow the way described above for conservative systems, we 
need to introduce transfer functions. For a curved conservative system E, we define 
the transfer function 

T = (T(z), 9 U , S) , where T(z) := M(T - z^N . (Tfn) + (StoT) 

The formula (StoT) defines also the transformation T = JF ts (E). Then, using the 
functional model, the transformation J- tc = Tts ° ^sc can be computed as 

T(*) = ( e+W-e+w-*, *ec + np(T); 

v ; \ -9_(z) , z e G- . y ' 

In this connection, note that the spectrum of a model operator coincides with the 
spectrum of a characteristic function, i.e., z e G + n p(T) 44> 3 9 + (z)~ 1 . The 
operator valued functions Q±(z) are defined by the formulas 

e ± (z)n := (P±Q-n)(z), z e G±, n G OT- ; 

e-(0 := (tt^-XO = s + (c)- 1 e+(0*s_(o, cec. 

In the case when G+ = B and H± = / we get 6 _ (C) = 9 + (l/C)* . |CI = 1 and 
therefore, Q~(z) = 9+(0)* , \z\<l; QZ(z) = 9+(l/z)* - 9+(0)*, \z\ > 1 . 
Thus we arrive at the complete diagram 

Mod Cfn 



Ftc (Dgr) 



Sys — — ^ Tfn 

J~ ts 
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Unfortunately, we have obtained almost nothing for our purpose: to study the cor- 
respondence "factorizations <-> invariant subspaces" . The main difficulty is to invert 
the arrows Ttc an d Tts- ln the case of the unit circle the transfer function can be 
calculated as T(z) = 9 + (0)* — + (l/z)*, \z\ > 1 and, conversely, one can easily 
recover the characteristic function + (z) from the transfer function T(z) (see |17] 
for this case and for the case of simple connected domains). But, in general, espe- 
cially for multiply-connected domains, the latter is a considerable problem. Note 
that the condition T(z) = M(T-z)- l N € iV(G+UG_) (that is, the transfer func- 
tion T(z) is an operator valued function of Nevanlinna class: T(z) — l/8(z) f2(z) , 
where 5 € H°°(G + U G_) and n € H°°(G + U G_, , STI+))) is sufficient for 

uniqueness of characteristic function and there is a procedure recovering the char- 
acteristic function from a given transfer function. Moreover, under this assumption 
it is possible to give intrinsic description for conservative curved systems. Note that 
we reap the benefit of functional model when we are able to determine that some 
set of operators (T,M,N) is a conservative curved system [SJE1E1- The author 
plans to address these problems elsewhere. 

Thus we distinguish notions of characteristic and transfer function and there are 
no simple enough (and suitable in the study of factorizations) relationships between 
them. These circumstances dictate that we have to use only the partial diagram 
(dgr) and to ignore other objects and transformations related to transfer functions 
from the complete diagram (Dgr). Note also that we study the correspondence 
"factorizations of characteristic function <-> invariant subspaces of operator T" in 
contrast to the correspondence studied in [xj: "factorizations of transfer function 
<-y invariant subspaces" . At this point we fork with |Jj . 

The paper is organized as follows. In Section I we deal with the fragment 

Cfn < > Mod : in the context of the functional model we develop the construc- 

tions corresponding to factorizations of characteristic functions. If we restrict our- 
selves to regular factorizations, we can keep on to exploit the functional model 
Mod. But to handle arbitrary factorizations and to obtain a pertinent definition of 
the product of conservative curved systems we need some generalization of Mod. 
Moreover, the order relation 8261 < @2®i implies the factorizations like 2 #0i 
and therefore we need a functional model suited to handle factorizations of char- 
acteristic function with three or more multipliers. With this aim we introduce the 
notion of n-model Mod„ and extend the transformations T mc and T cm to this con- 
text. In the rest part of the section we study geometric properties of n- models in 
depth and do this mainly because they form a solid foundation for our definition of 
the product of curved conservative systems in the next section. 

At this moment it is unclear how to define the product of conservative curved 
systems. As a first approximation we can consider the following construction. Let 
Ei ~ Si = f sm (J m c(6i)) and £ 2 ~ £2 = T sm {T mc (Q2)) ■ Then the candidate 
for their product is £21 = •7 r sm(-7 : mc(02@i)) > where •7 r mc (02Oi) is 3-model cor- 
responding to the factorization 02i = O2 • Qi ■ Our aim is to define the product 
£2 • £1 by explicit formulas without referring to the functional model. In Section 2 
we suggest such a definition and study basic properties of it. The main one among 
those properties is the property that the product of systems £2-£i is a conservative 
curved system too (Theorem A) . The geometry properties of n-model established 
in Section 1 play crucial role in our reasoning. 
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In Section 3 we establish the correspondence between two notions of regularity. 
The first of them is the regularity of the product of conservative curved systems 
S2 • Si , the second one is the notion of regular factorization of operator valued 
functions which we extend to the weighted Schur classes. We obtain this cor- 

respondence indirectly: introduce the notion of regularity for models and establish 
separately the correspondences Cfn <-> Mod and Sys «-> Mod . 

In Section 4 we study the transformation J~i C defined therein, which takes a fac- 
torization 020i of characteristic function to the invariant subspace of the model 
operator of the system £21 = •7 r sm(-? : mc(020i)) ■ We show that this mapping is 
surjective. Combining this property of T{ C with the criterion of regularity from 
Section 3, we establish the main result of the paper: there is an order preserving 
one-to-one correspondence between regular factorizations of a characteristic func- 
tion and invariant subspaces of the resolvent of the corresponding model operator. 
In conclusion we translate results obtained for model operators into the language 
of conservative curved systems. 

Note that the multiply connected domain specific appears essentially only in 
the proof of Prop. 14.11 So, at first a reader can study the paper assuming that 
the domain G+ is simple connected. On the other hand, the multiply connected 
specific influences on the choice of other our proofs: note that, for simple connected 
domains, some of them can be reduced to the case of the unit disk (see, e.g., [51ll7|). 



1. Geometric properties of n-model 

We start with the definition of an n- characteristic function, which formalizes 
products of weighted Schur class functions like the following 9 n ~i ■ ■ ■ ■ ■ 6*26*1 : in 
fact, we merely rearrange them 0^ := 6*,_i • . . . • dj . 

Definition. Let Sfc, k — l,n be operator valued weights such that S/^S^ 1 S 
L°°(C, £(9Tfc)) ; > 0, ( 6 C . A set of analytic in G+ operator valued 

functions = {0y : i > j} is called an n- characteristic function if 0^ € Ss with 
weights S = (3j, S,) and V i > j > k 0,^. = QijQjk ■ 

We assume that &kk '■— I and denote by Cfn n the class of all n-characteristic 
functions. In the sequel, we shall usually identify 3-characteristic function with 
the factorization of Schur class function = 62 ■ 6*i , where 6* = (©31, Si, S3) , 
61 = (QaijSijSa), 6*2 = (032,S2,Sa). It is clear how to define the product of 
n-characteristic functions = 0" ■ 0' : assuming that S' n , = S", we need only to 
renumber multipliers, for instance, 0y = ©i'_ n /+i iQj,/j , i > n' > j ■ 

In the context of functional models a corresponding notion is the notion of n- 
functional model. 

Definition. An n-tuple II = (jri, . . . , 7r„) of operators tt^ £ C{L 2 (C, 9^), Ti.) such 
that 



(i) Vfe (-KlTt k )z — z(7r^7r fe ); 7rj*,7r fe >> 0; 

(ii) Vj>fc (rfn^z = 2(7r]7r fc ); P_(7r]7r fc )P + 
(Hi) Vi>j>k 7rj7Tfe = irlnjirjiTk] 

(iv) W w „v---V7ri = H 



(M0d n ) 



is called an n-model. 
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Here H<K n s/~-\/-K 1 '■= Vf?^ Ran 7T& . The definition is an extension of the definition 
(Mod): namely, Mod = Mod2- It is readily seen that = {^\^j}i>j is an n- 
characteristic function with weights Sj. = 7T*,7Tfc and therefore we have defined the 
transformation T cm : Mod„ — > Cfn„ . The existence of the "inverse" transforma- 
tion T mc follows from 

Proposition 1.1. Suppose O S Cfn„. Then 311 G Mod„ such that 6 = T cm {H) . 
// also = !F cm {\]!) , then there exists an unitary operator X : / H- Kn \i---\in 1 — * 
^„v-"V7ri su °h that ir' k = Xn k ■ 

Proof. We put H = ®l =1 U^ , where H% = clos A kk+lk L 2 (C, m k ), k = l,n- 1, 
H% = L 2 {C.,y\ n ) , A kk+lk := (I - el +lk e k+lk )^ 2 , and e\ +lk is adjoint to the 
operator Q k +i k : L 2 (C,E k ) — > L 2 (C,E k+ i). Let v kl k — l,n be the operators of 
embedding of 7i k into TL and 

Tn ; ="n! 7I" fc := 7T fe+1 fc+lfc + ^ fc A fefe+lfe , fc=l,n— 1. 

It can easily be calculated that 

ir k = U n Q nk + ^ n _iA n _xnn-l©n-lfe + ■ • • + VjAjj + ij<dj k + . . . + v k A kk+ i k . 

From this identity we get ttIttj = 0,y , i > j ■ 

The existence and unitary property of X follows from the identity 
|| wxui + . . . + ir n u n || 2 = J2 (ir'jiTiUi, Uj)£ 2 (C,Sj) = 

n t — 
E I 1 ', 1 !"., "jIpKH,) = ||7riui + ... + 7T>„|| 2 . □ 

i,j'=l 

The construction of Prop. II. H is simplified if all functions i:) - are two-sided S-inner. 
In this case Tt = L 2 {C) and ir k — Q nk . 

We can consider an equivalence relation ~ in Mod„ : II ~ II' if there exists 
an unitary operator X : 7i Vn \/...\/ vl — > 7i' v v-"V7ri such that ir' k = Xir k . It is clear 
that the transformation T cm induces a transformation : Mod~ — > Cfn„ 

such that ^ l (II~) = f cm (n) , II S II~ . By PropO there exists the inverse 
transformation .F~ c : Cfh„ — > Mod~ . But, in the sequel, we shall usually ignore 
this equivalence relation and use merely the transformations T cm and T mc ■ 

The product of n- models II', II" with the only restriction tt'*^ — 7r"*7r" is 
defined (up to unitary equivalence) as II = II" ■ IT := J- mc (J- cm (I\") ■ .7-^(11')) . 

Using the construction of Prop lTTTl we can uniquely determine the normal oper- 
ator U = XzX^ 1 £ £(?i Wri v-V7ri) with absolutely continuous spectrum a{U) C C 
such that Uir k = ir k z , where X : T-L 7Tn \j...\j 7Tl — > H^v—v-h-i is an unitary operator 
such that 7Tfc = X7tfc ; the operators fr^ are constructed for n-characteristic function 
6 = T cm {K) as in PropO 

Taking into account the existence of a such operator U, note that T SC (Q) = 
J~ sc (Qni) © j where the system S u = (T u , 0,0,0) is a "purely normal" system 
with the normal operator T u = U \ {Ti,- Kri \j...y- Kl H^wi) , f(T u ) C C . 

Let LT £ Mod n . Now we define our building bricks: orthoprojections P-^v-.-Wj 
onto 'H ni \/...\/- Kj and projections qi± := TXiP±iV i . 

Lemma 1.2. For i > j > k > I > m 1) qi-qj+ = 0; 2) qi++qi- = 7r, ttJ = P Vi ; 

3) P 7 r l V---V7Tj {I ~~ 7r fc 7r fe)-fV i V---V7T m =0; ^ P,,-, v---V7T m — TTfc 7T^ ) v ■ ■ ■ V7T j =0. 
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Proof. Statement 1) is a direct consequences of (ii) in (Mod„). Statement 2) is 
obvious. Statement 3) is equivalent to the relation 

Vf,g € H ((I - 7rfc7r|)P WlV ...V7r m /,-f , 7r 4 V-V7r j fl) = . 

The latter can be rewritten in the form 

((7-7r fc 7r^)7ri/ii ) 7r i /i;)=0, j<i'<i, m < I' < I 

and is true because of (Hi) in (Mod„). Statement 4) can be obtained from State- 
ment 3) by conjugation. □ 

We also define the projections 

P(ij) ■= P^v-vtt^ - qj+){l - ft-), i > 3 ■ 
It is easily shown that P(u) = and 

P (ij) = i 1 ~ Qj+)P^ i V-\/-K j (I - <?i-) = (I - Qj+)(I - ft-^TTiV-VTrj ■ 

Indeed, P^v-vt^ — P^ is orthoprojection onto H iri \/...sj nj Q'hC Ki , P^fe = qi±Pn f 
and (P^v-vttj - Prjfe = ft±(-fir,v---v^ - PttJ = 0. The same is hold for nj . 
Then, 

Pfij) = P^v-wr,,- (7 - qj+)(I - 2i-)(7 ~ - Qi^P^-v^ 

= P^v-v^tCf - ~ gj+)(I - Qi-) - {I- Qj+)qi-(I- Qi-^P-KtV-v^ 

= P^v-VttJU - Qj+)(I - Qi-)]PmV-v^ = p {ij) ■ 

Note also that P(ij) = QnjP-Q^ 1 P+Q~l whenever all functions are two-sided 
S- inner (recall that then we can choose 7Tfc = Q n u ). 

Lemma 1.3. For i > j > k > I , one has 

1) P (ij) q k + = 0; 2) qi-P ijk) = 0; 3) P (ij) P (k l) = 0; 

4 ) P( ik )P(jk) = P(jk)> 5 ) P(ij)P(ik) = P(ijY, 6) P (jk} P {ij) = . 
Proof. Using Lemma ll.2l we have 
1) 

P {i 3 )qk+ = PrtV-VTr, (7 - Qj+)(I - <?i-)<?fc+ = P^V-Vt^ (7 ~ Qj+)<lk+ 

= P-KiV-VnjKI - TjTj) +qj-]qk+ = P-KtV-SfTV^I - TTjTrj)TT k P + nl = 0; 

2) 

Qi- P (Jk) = H-i 1 ~ Qk+)(I - qj-JP-KjV-ViTK = q%-(I - 9j-)Pr J V...V7r fc 

= qi-[(I - 7Tj7r]) + qj + ]P njV ... V7! - k = 7TiP_7rT(7 - 7Tj7rt)P OT; . v ... V7rj , = ; 

3) 

P(ij)P(kl) = P(ij)(I - Ql+)(I - 5fc-)Pr fc V-V7r; = P(ij)(I ~ <7/c-)Pr fc V-.-VTr; 
= P(y) [(7 - 7Tfc4) + ft+lPr.V-VTT, 

= (7 - gj+)(7 - gi_)P 7ri v-v7r ;j (7 - TrA^P^y-v*-, = ; 

4) 

P{ik)P(Jk) = PmV-Viv k (I - Qk+)(I - Qi-)P(jk) = P^V-Wr* (7 - qk+)P( 3 k) = P(Jk) 
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5) 

P{ij)P{ik) = ~ Qk+)(I — <7i-)-Pr 4 V~ Vtt* = P(ij)(I ~ Qi-)Pn i V-\/TT k = P(ij) ', 

6) 

p (]k)P{ij) = Pitjv-v-kA 1 - 1k+)(I - qj-)(I - - qi^P-KiV-virj 

= PiTjV-v7T k (I - qk+)(I - KjTr])(I - g l -)P^v---v 7 r J 

= (J - qk+)P 7 r j W-Vn h (I - ^j^PmV-Wnjil ~ ft-) = . 

□ 

We also define the subspaces 

/C(jj) := RanP(y) , Tiij := 'H-rr i v---VTr j 

H lj+ := Tiij n Kerg;_ , V J+ -~ Ran <?.,■+ . 

It is easy to prove that Ttij+ fl Ker P^ = Vj + . Indeed, let / € n Ker P{%j) . 
Then 

/ = (/ - P (ij) )f = /-(/- q 3 + )(I - qi-)P^...y^f 

= /-(/- q j+ )(I - ft-)/ = /-(/- qj+)f = q j+ f G 23 i+ . 

Conversely, let / € T>j + . Then / = qj+f G and therefore qi-f = ft-ft+/— , 
that is, / G Hy+ ■ Hence we have 

P m f = (I - q J+ ){I - q t -)P* t s,...v«J = (I- q j+ )(I - qi-)f = (I - q j+ )f = 
and / G Kij+ Ker P (ij) . 

Translating the assertions of the above lemmas into the language of geometry, 
we obtain 

/C(y) c H tJ + , /C (jfc ) c /C( lfe) , Hjk+ C Hu + , i > j > k > I . 

Indeed, let / G /C(^) . Then / = P(jj)/ G Hij and = g t ^(I -q j+ )(I -q^)f = 
ft-(P — ft-)/ = => / G Kergi_. The inclusion /C(jfe) C /C(ifc) is a straightforward 
consequence of Lemma fl.3f 4). Let / G Tijk+ ■ Then 

ft-/ = 9i-{I ~ gj-^jV-VnJ = .9i-[U- TjTrt) + 5j+ ]P ffjV ... Vfffc / = 0. 
and therefore / G Tiu+ ■ 

Let 1 = mi < . . . < m,i < . . . < mjv = n . We define the operators 

P[m,imj] - = P(m,j + 1 mj) (I ~ P(mj+2mj+i)j ■ ■ ■ (I ~ ^""(mjlTlj-i)) 

+ P(mj +2 mj + 1 )(I ~ ^(mj+3mj+2)) ...(/— P(roimj_i)) 

~t~ ■ ■ ■ 4" P{mi-\mi-2)(.I P{niimi-\)) ^(rriimi-i) ) ^ — J * 

Note that our notation is ambiguous: the projection P[ mim .j depends on the whole 
chain < . . . < nij but not only on two numbers to.,- and to^ . The following 
properties of operators P[ mimj ] are straightforward consequences of Lemma ll.3l 

Proposition 1.4. For i > j > k > 1 , 1) P[„ Hmj ]q mk + = 0; 2) q m ,-P[ mjmk ] = 0; 

^) P[mim,j]P[m} z rtii\ • 
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Further, since I - P[ mimj ] = (I - P(m j+imj ))(I ~ P(m 3+2 m i+1 )) ...{I- f(m*m<_i)) , 
we get the following recursion relation 

P[mirtik\ ^jtnjmft]!^ P\mi7rij\) ~t~ P[m,imj] ) ^ — j — ^ ■ 

Since P[ mj . +imj .] = P( mj+im<f ), we obtain by induction that the operator P[ mimj ] is 
a projection and 

where /Cr mim .i := RanPr OTitn .i . We use the notation H = H'+H" if there exists 
a projection P' such that H' — RanP', H" = KerP' . Besides we have 

^[miriij] ^-mimj+ j ^mj+ C KerP[ mim ^.j . 

The first inclusion follows straightforwardly from Prop. fOT 2L The second one is 
a consequence of Prop. rHT l). 

Though we systematically strive to deal only with nonorthogonal projections 
qi+ , sometimes we have to employ their orthogonal counterparts q' i+ . By |1U| . 
there exists an isometries 7r^ G C(L 2 (C, 91,), H.) such that Ran 71^ = Ran7ri and 
Ranqi+ = 7r^P^(G+, OTi) , where P^(G+,0Ti) is the Smirnov space of character- 
automorphic functions (see 1111 IT^j for the definition). Let q' i+ = n' i P' + 'K'* . 
Then Ran^ + = Ran%+ , P-ir\ir' i P' + = , and P'_Tr'*Tr. t P + = , where P{. is the 
orthoprojection onto P^(G + ,91i) and P'_ = I — P' + . Define also the projections 
q[_ = ir'.PLir 1 * . Then we have 

9i-?j+=0 and q' i _q j+ =Q, i>j. 

Indeed, 

ft-<^ + = ir i P-ir 1 i ir' j P f + rf = TTiP-TrjTrj-TrtTr^T^* 

= 7r j: P_7r]^P + 7r]7r;.p;^* + jriP-TrjTrjP-Trt^i^Ti^ = + = 0. 

By the same reason, q[_qj + — 0. Using these identities and repeating mutatis 
mutandis proof of Lemma ll. 31 we obtain 

P' m qk+ = P(ij)Qk+ = ; flj-^W*) = *- P 6'fc) = i 

P W = %) = P[ij) P(M) = 0, i>j>k>l. 

Then, evidently, 

p. , p' p' p. , p' p' o 

r K""j] r [m i m,] — r [m i m J ] r Km,] — r [m i i7i,] r [m t m,] — u - 

Since Rang,- + = Rang i+ , we have V' i+ = V i+ . Evidently, H'^ = Hij . Further, 
let / € T~tij+ = Hij H Ker<7i_ . Then qi-f = , that is TtiTTi'f = qi+f , and 

q'i-f = «f - Qi+f = W/ - <Zi+/ = <7i+/ - q'i+f e p: + = P»+ . 

Therefore, (?.■_/ = g-^/ = q'i^q' i+ g = and C Wy + ■ For the same reason, 

Hy + C H l]+ . Thus, we have 

V' i+ = V i+ , = Hij , — Hij+ 

and therefore 

^[m,mj] C H mi mj + > P mj + C KerP[ m<mi ] . 

The following Proposition affirms a more delicate property of projections P[ miTO ] ■ 
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Proposition 1.5. One has H mi m j + H Ker P[ m% m 3 ] = '^m j + , i > j ■ 

But beforehand we need to prove the following elementary lemmas, which are of 
interest in their own right. 

Lemma (i). Suppose M, N+, JV_ are subspaces of a Hilbert space and N+JlN- . 
Then (N V M) JV_ = ((JV V M) JV) © JV+ , where N = JV + JV_ . 

Proof. Let / G (JVVM)eJV_ . Then / G (JVVJW), /_LJV_ . We have f = f N + f±, 
where / w G JV, /^ G JV X . Then f N = f - f^±N_ and /jy G JV+ . Hence, 
/ = fN + /JV € ((JV V M) TV) N + . 

Conversely, let / G JV+ . Then / G JV, /_LJV_ and therefore / G (JV V M) JV„ . 
Hence, ((JV V M) JV) © JV+ C (AT V M) JV_ . □ 

Lemma (ii). Suppose P G C{Ti) is an projection; 2? + , 7i + are subspaces of TL 
such that T> + C TL+ , K, = Ran P C TL+ and T> + C Ker P . Then the following 
conditions are equivalent: 

1) H+ R KerP = P+ ; 7Y+ = ; 3) Ker(P|tt+) = 2?+ . 

Proof. 1) =*> 2) Let / G H+ . Then f = fi + f 2 , where /i = P/ G K and 
/ 2 = (I - P)f G Ker P . Since £ C 7Y+ , we get / 2 = / - P/ G 7Y+ and therefore 
/ 2 G 7Y+ n Ker P = V + . 

2) =*> 3) It is clear that V + C Ker(P|?i + ) . Let / G Ker(P|W + ) C TL+ . Then 
/ = h + h , where h G K and / 2 G V+ . Then = Pf = P(/i + f 2 ) = h and 
therefore / = / 2 G 2?+ . 

3) =*> 1) It is clear that X> + C TL+ n KerP. Let f e TL+ C\ KerP. Then 
/ G Ker(P|7Y + ) = 2? + . □ 



Lemma (Hi). Suppose Pi and P 2 are projections such that Ker Pi = KerP 2 . 
Then P Y P 2 = Pi and P 2 P X = P 2 . 

Proof. Since Ran(7-P 2 ) = KerP 2 , we get Pi(/-P 2 ) = 0. Hence, PiP 2 = Pi . □ 



Corollary . Suppose Pi,P 2 G C(TL) are projections; 2?+, TL+ are subspaces of TL 
such that V + C TL+ , Ran Pi C TL+ , RanP 2 C W+ , T> + C Ker Pi ,. X>+ C KerP 2 
and Ker(Pi|W+) = Kei{P 2 \TL+) = V + . Then PiP 2 Pi = Pi and P 2 P 1 P 2 = P 2 ■ 



Proof. It is clear that P\\TL+ 1 P 2 \TL+ are projections. By Lemma (Hi) we have 



{P 1 \TL+){P 2 \TL+) = Pi\H+ . Then P x P 2 Pi/ = PiP 2 (Pi/) = Pi (Pi/) = Pi/. □ 

Proof (of ProDOsition ll.5|l . First, we prove our assertion in the orthogonal context. 
Consider orthogonal projections 



P{ij) — P-KiV-Virjil — Qj+)(I ~ Qi-) 

are selfadjoint, we have (g^ + q^_)* 

P(ij) — PmV--Vwj (I — <l'j+ — = P-TViV—Vn, — 1j+ — Qi- 



Since operators gj + ,<^_ are selfadjoint, we have (<j£ + <j£_)* = q'*_q'* + = q[_q'j + = 
and hence 
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Define subspaces Nk± := Ranq' k± , Nk := A^ + Nk- = Ra,mr' k k = l,n. Then 
we have P^v-vt^ = 9i_ + P('y) + and 

W ii =iV i _e/C' fo . ) ©iV J - + , Hy + = K' m © JV j+ , 2? i+ =JV i+ . 

In particular, we get Nk V Nk+i = Nk+i- © ^[k+i k) ® ^ fe + anc ^ therefore Nk+ 
^(fe+i fe) = C^* ^ -^fe+i) © ^Vjfe+i- • Applying the former identity and Lemma («j 
i — j times, we have 

Nj + t£(j +lt j) © ^(j+2j + i) © ■ ■ • © ® ^i- 

= V N j+1 ) © iV j+1 _] © /C' (J+2J+1) © ... © K[ iti _ t) © iV 4 _ 

- V JV,-+i) © A^-+i] © N J+1+ © /C' (J+2J+1) © ... © © AV 

= V N j+ i) © iV i+1 ] © [N j+ i+ © /C' (J+2J+1) ] © ... © /C' (M _ 1} © 7V,_ 

= . . . = [(iVj v jy,-+i) © jy,-+i] © [{N j+1 v n 3+2 ) © a/j- +2 ] © • . . 

®[(JVi_i V JV 4 ) © JVi] © AT i+ © = [(iVj V Nj+i) © iV i+1 ]ffi 
[(iVj+i V A/j- +2 ) © W i+2 ] © ■ ■ ■ © [(JVi-i V A^) © A/;] © TV, 
= [(A/j V iV i+1 ) © ATj +1 ] © [(N j+1 V ATj +2 ) © A^- +2 ] © ... © [(#<_! V iV*)] 

= . . . = Nj V N j+1 V ... V A^-i V Ni = Hij . 
On the other hand, we have already shown Hij — A^_ © K,'^ © Nj + . Therefore, 

= © • ■ ■ © ■ 

Then we have JC' [m ^ m]] = K( roiTO .) and /C| m . OTfc] = fc[ m . m f] ffi K.[ mjtnk] . It is easy to 
check that H mi „ lj + n Ker P^.^ = X> mj .+ . 

For the nonorthogonal case, we shall use induction. In fact, we have already 
shown that 

H„ l]+imj + n KerP[ mj . +imj ] = H mj+1 m J + n KcrP( mj+imj .) = X> mj + , j = l,n. 

Let i > j > k. Assume that H mi m 3 + nKerP[ m . mj ] = V mj+ and H mj m k + H 
KerP [mjmfc j =D TOfc+ . Let / G W miTOjb+ nKer P[ TOiOTfc ] . Using the recursion relation 

Pfm^mfc] P[mjm^](-^ P[miT7ij]) ~t~ P[miT7ij] 

and properties of projection Pr. .i , we have 

P[mimj]f P[mimj] (P[mj mfc] ^[mimj]) ~t~ P[m,imj])f P[mimj]P[mirrik]f ^ ' 

Then, since P[ m . OT) j/ = , we also have P[ TO . OTfc ]/ = 0. On the other hand, the 
vector / can be decomposed / = f[ 3 -+f jk +g , where f{j G £( m4m ,], G K! [mimjj] 
and .g G V mj+ . Since P[m imj ]P[' m3mfc ] = , we have 

= P[ mi mj]f = P[rmmj\ (fij + fjk + S) = P[rrnm,j]fij ■ 

By Lemma lfnjl Ker(P[ mimj ] \Hm i m j +) = T^m 3 + ■ Then, by Corollary of Lemma | ( 
we obtain = P^.jP^^-j/y = ^, m /[m,m/^ mj ]4- = fij • Further, 
= P[ mjm „)f = P[ mj m k ](fjk + 9) = P[ mj m k ]fjk ■ As above, we get = f' jk . Thus, 
we have / = g € D m .+ and therefore H. mi m k + HKer P[ m;mfc ] C T> m .+ . The inverse 
inclusion is obvious. □ 
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Remark. Since P [ 311 = P (32) + P (21) (7 - P (32 )) = P( 32 ) + P( 2 i) , by Prop. O and 
Corollary of Lemma | we obtain the following identities 

(P(32) + P(21)) P(31) (^(32) + P(21)) = ^(32) + P(21) 

and 

■f(31) (-P(32) + ^(21)) -P(31) = -P(31) • 

This means that 

(-P(31)|£[31]) _1 = (-P(21) + P(32)) |£(31) > (( P (21) + f(32) ) |£(31) ) -1 = ^(31)l^[31] ■ 

Example. Let w = y{z) = z + ez 2 , \e\ < 1/2 , G+ = <p(B) , C = tp(T) . We put 
2w 

weG + , @ij(w) = 9(wy- J , 1 < j < i < n , 



1 + s/T+Asw 

and Sj(to) = l,iu G C . It can easily be checked that = 1, w e C . Then 

P fe . } = p<W = B n -ip_ei- l P + 6 l - n . For the functions 

fi j (w) = 9(w) n -Jw- k , k = TJ— 3 , 
we have € JC<g = RanPgj . By Q, JC$( e ) = P ( $(e)JC[g(0) and JC$(0) = 
-^fe) (^)^(Ij) ( £ ) ■ Since dim/cfel(0) = i — j, the functions f^(w) form a basis 
of the subspace /C[$, . Note also that P^ n) = ^P^jj^fl*-" and therefore 

Consider particular cases. In the case of n — 3 we have 

A 31 = ey w , /I 1 = e> 2 and a 21 = e 2 / w , a 32 = ■ 

Hence, Kpi) C /C( 31 ) , /C (32 ) ^ /C (31 ) and /C( 32) +/C (2 i) 7^ /C (3 i) . 

In the case of n = 5 it can be calculated that 

^(2i)A 53 = -e 2 A 21 and P {21) f% 3 = 2e 3 f 21 . 
Therefore, P( 2 i)P(53) ^ . Our calculations are based on the formula 

P(kl)fi j = e^w^-Pu^p^iw) - 2 l ~ k 9 n - l P. wl ~ J ~ P u k-j-Pj- kM 



where 1 < i,j,k,l < n , p = l,i — j , i > j , k > I , and 



Uq <r (w) := 2- r w - q P-w q (l + VI + 4ew) r . 

It can easily be checked that u q , r (w) = , 9 > . For g < , we make use of the 
Residue Theorem calculating P + u; 9 (l + \/l + 4eu>) r and interpreting the projection 
P + as the boundary values of the Cauchy integral operator. In particular, we get 

U-\ >r (w) — 1; U-2,r(w) = 1 + rem ; 
u_ 3 , r (w) = i(2 + 2rew + r(r - 3)e 2 w 2 ) ; 

u_ 4 r ( w ) = 1(2 + 6rew + 3r(r - 3)e 2 w 2 + 3r(r - 4)(r - 5)e 3 u> 3 ) . 
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2. Product of conservative curved systems 

Definition. Let Y, k = (Jfe, Mfc, Nk, &ku, 3fc; Hk, 9tfc+, 9tfc-) , fc = 1,2 6e conser- 

vative curved systems, G\+ = G 2 + , OTi = 912+ a^d Hi_ = S2+. We define the 

product of them as 

£21 = £2 • £1 := (72i, M 21 ,N 2 i, ©2itt, S 2 i; i?21, 911+, 9t2-) 
iwt/i 62i„ = 6 2 «6i„ ; S 2 i = (Si+,S 2 -). H 2 i=Hi®H 2 , 



T 2 J ' " v 2 y ' 21 ^ iV 2 

^ 2 21 / 2 = / ®r(0 [M 2 (T 2 - O-VJ-K) dC, /a e # 2 , (Prod) 

M*lh = -^~J 0*2(0 K(rr - •rViWO dC, Aeffi, 



where [M 2 (T 2 — ■)~ 1 f 2 \- and [N*(T£ — -)~ 1 fi]^ are the boundary limits of M 2 (T^ 



2" 



z) /2 and N*(Ti — z) 1 f\ from the domains G_ and G_ := {z: z G 
respectively ; 0~ 2 — @ 2 ~ (see (CtoT) for the definition of 0~ ). 

Note that we can consider the product £2 ' £1 without the assumption that £1, £2 
are conservative curved systems. We need only to assume additionally that V/2 £ 
Hi : M 2 {T 2 - z)- x f 2 G E 2 (GJ) and V/i G H x : N*(T* - z)' 1 f x G E 2 (G-) . For 
conservative curved systems these assumptions are always satisfied (it follows from 
the definition of conservative curved system) . 

We start to justify the definition with the observation that in case of unitary 
colligations we get the standard algebraic definition M 21 — Q^(0)*M 2 and 
Nf 1 :— Mil* — Ni<di^(Q)* (see the Introduction). Indeed, since in this case 6+ = 
9+(0)* = L and M 2 (T 2 - z)- 1 f 2 G E 2 (G-) , we obtain 

m 2 21 / 2 = ~ f er(0 [M 2 (T 2 - .)-V2]-(C)dC 

2m J 

c 

' f 6r+(C) Wh(T 2 - ■)- V 2 ]-(C) = LiM a . 



2?ri 

By a similar computation, we get N 21 = N\L 2 . Besides, we have 



c 



Proposition 2.1. 1) £1 - £' 1; £ 2 ~ £' 2 £2 • £1 ~ £ 2 • £'i/ 2) (£ 2 • £1)* 



■ Y>* 2 



Here £* := (T*, N*,M*, 0~ S„) , S.± = 
Proo/. 1) Let £1 - 1 £' x , £ 2 ~ £' 2 . Then 



M 2 21 / 2 = - o^- / e r(C) [M 2 (T 2 - _1 /a]-(O ^ 



= -^-J e r(0 - O'^a/al-COdC = Mf'x 2 f 2 
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Hence, Mf 1 = Mf 1 ' X 2 . Similarly, XiN 21 = N? 1 ' . Define X 21 := ( Xl ° 

\ U A; 

Then, we get 

_ / T{ N[M 2 Wl, \ _ / T{Ax WJM£Y 2 \ 
T2lX21 { T 2 ' J A 2 J - T' 2 X 2 ) 



— X 2 iT 2 



X{Ti X 1 N 1 M 2 \ ( Aj \ / 7\ ^M 2 
X 2 T 2 J I X 2 ) I T 2 



M^A 21 = ( M[ , Mf )( X Q 1 x 2 )=( M ^ ' M 2 21 '^ ) 
= ( Mi , M 21 ) = Af 2 i ; 



J \ X 2 N' 2 J \ A 2 J \ N- 



v 2 



and thus E 2 • Ei X ~ E 2 ■ E[ . 

2) Let £ 2 i* = (E 2 • Ei)* . By straightforward calculation, we get 

T i* V _ C w2i* iv* V at ~. - ( M i 



T * 21 ~ { M*Nt Ti ) ; M * 21 = ( ^i 1 *' ^ ) ; N * 21 ~ \ Mf* 
On the other hand, let E' 21 „ = E* • E 2 . Then we get 

rpl ( \ _ / T* 0\ 

* 21 ^ ^ 2 M„i T* 2 y ^ M 2 N* T* ) 1 * 21 ' 

Since 

m* 2 i7i - ~ J e- 2 (o [m.i(t,i - •)- 1 /i]-(C)rfC 

c 

= - 2^ / e ^(C) [JVfCTf - •)- 7i]-(C) d( = N 21 *.h, /i e Hi 
c 

we have 

<2i = ( M 2 ! 1 ' , M. 2 ) = ( TV 21 *' , iV 2 * ) = M. 21 . 

Since 



N. 



h =-^-J e *~*i(o w: 2 (t: 2 - ■r 1 f2]-(c) 

c 

= ~hi J er(c) [M2(T2 - -)~ 1/2 ]-^ dC = M 2 1/2 ' h e ^ 2 ' 



we have 



K21 - ( ) = ( M 21 * ) = ^* 21 ' 

Thus we get E* • E 2 = E 21 „ = E 2i * = (E 2 • Ei)* . □ 
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Further, wc shall say that a triple of operators (T, M, N) is a realization of a 
transfer function T = .F tc (6) if T(z) = M(T - z)- x N . 

Proposition 2.2. Suppose that triples (Ti,Mi,N\) and (T 2 ,M 2 ,N 2 ) are realiza- 
tions of transfer functions Ti = ^ r tc(Bi) and T 2 = ^(62) , respectively. Suppose 
also that V/i e #1 : N^T^-z)- 1 ^ e £ 2 (GL) and V/ 2 G H 2 : M 2 (T 2 -z)- 1 f 2 € 
E 2 {G-) . Then the triple {T 21 ,M 2 i,N 21 ) defined by (Prod) is a realization of the 
transfer function T 2 i = ^t c (©2©i) • 

Proof. For the sake of simplicity, consider the case G H°°(G-, £(9tfc_, 9^+))) , 
fc= 1,2 (in the general case we need to use expressions like (M 2 i(T 2 i— A) _1 iV 2 in, m) ). 
It can easily be shown that 



M 2 i(T 21 - A)- 1 ^! = Mi (Ti - A)- 1 ^ 21 - Ti(A)T 2 (A) + M 21 (T 2 - A)" 1 ^ . 




Then, by straightforward computation, wc obtain 



Here, wc have 



M 2 21 



(T 2 A) 



^2 = 




c 




c 




c 




c 




c 



c 




c 
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Similarly, we have 



Ni U (T* - A) _1 Mj* = 

_ i /■ e; 2+ (oe- 1 _(Q f e^wce^w-e+w- 1 ), agg+ 

2^7 C-A ^ I 0, AeG_ 

= _ J_ / Q7 2+ (C)Q«i-(C) ? f e; 2+ (A)(e; 1+ (A) - e+CA)- 1 ), a e g + 

2m J C-A ^ + \0, A e G_ 

c 



Hence, 



Mi(Ti - A) -1 ^ 21 = 

= J_ f e^UO^g+gr , / (e- 1+ (A)* - (0+ (A)*)- 1 ) e- 2+ (A)*, a e g+ 

2m J C-A ^ I 0, A e G- 

= J_ /■ er-(C)e 2 - + (C) , c { (e r+ (A) - ei(x)- 1 ) e 2 - + (A), a g g + 

2m y C-A ^ 1 0, A e G_ 



Consider the case when A € G_ . Then 



M 21 (T 21 -A)- 1 7V 21 = 



-/ 

2^7 



er-(C)e 2 - + (0 d( _ e - JX)e - M) + i I^WUO d( + Q 



C-A ' L ~" ' ' 2m J C-A 

c c 



J_ /• er-(C)e 2 - + (0 j_ r er_(C)e 2 _(C) 

27ri 7 C-A 2m J 



C-A 

c c 



j_ r er + (C)e 2 -_(C) i f 9r + (C)e 2 - + (c) 

+ 2«y C-A ^ + 2mJ C-A C 

c c 



j_ y (er+(0 + e r _(C))(e 2+ (c) + e 2 _(c)) 

2?ri 7 C-A 



-J- 
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Consider the case when A e G+ . Then 
M 21 (T 21 -\)- 1 N 21 = 

i r er_(C)e 2 - + (c) 



2m J 



c 



rfC + (er+(A)-e+(A)- 1 )e 2 - + (A) 



- (er + (A) - e+(A)- 1 )(e- + (A) - e+tA)- 1 ) 

+ in J 6r+( c C ! e r (0 + 9r + (A)(9 2 - + (A) - Qt(Xr) 
c 

= -/ 

27ri7 



er-(C)e^(C) + er + (fle,-.(fl d< + er+(A)e - +(A) _ e . (A) -.ej,A,- 

c 



i /• (er(0 - er+(0) e 2 - + (C) + (er(0 - er_(Q) e 2 -_(Q 



2m J 



C-A 



dC 



+ er + (A)e 2 - + (A)-e+(A)- 1 e+(A)- 1 



= -/ 

2m) 



6l ( c ° 9 ^ (0 d C - er + (A)e 2 - + (A) + er + (A)e 2 - + (A) - e+w^e+CA)- 1 

c 



= hj ?ta dC - e - (Arl = e - (A) - e £ (A)_1 • 

c 

Thus, for A e (G+ U G_) n p(T 21 ) , we obtain 

M ai (T»-A)-^» = T„(^ AE£np(T ai ) 

That is T 21 = jr tc (e 2 6i) . □ 

Thus we have obtained important properties of product of systems. But the 
main question whether the product E 2 • Si of conservative curved systems Si , E 2 
is a conservative curved system too leaves unexplained. The following Proposition 
answers this question. It also answers a question about author's motivation of 
the definition (Prod): in fact, the connection between the product of systems and 
the product of models established in the Proposition sheds genuine light on our 
definition (Prod). 

Proposition 2.3. Suppose Ui,U 2 G Mod, II = n 2 • III , Si = jF sm (IIi) , S 2 = 
T sm {U 2 ) , S 2i = S 2 • Ei , and S = T sm {U) . Then S 2i ~ S . 

We hope that it will cause no confusion if we use the same symbol T ms for the 
transformations T ms : Mod — > Sys and T ms : Mod„ — » Sys : the latter one is 
defined by (MtoS) as well (with 7r + = 7Ti and 7r_ = n n ). 

Proof. Let 

Si - (Ti.Mi.JVi), S 2 = (T 2 ,M 2 ,N 2 ), S 2i = (T 2U M 21 , N 21 ) 
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Let also II = (tti, 7r 2 ,7r 3 ) , £ = (T, M, N) = T sm {T\) and 

Ei = {f 1 ,M 1 ,N 1 )=^ sm {w 1 ,n 2 ), £ 2 - (f 2 , M 2 , N 2 ) = F sm (n 2 , tt 3 ) . 
It is obvious that the systems Efc and £& , fc = 1, 2 are unitarily equivalent. 

Since there are no simple and convenient expressions for operators T*, M* , N* in 
terms of the model II , we need to employ the dual model LI» = (ir*+, 7r*_) , 7r* T G 
£(L 2 (C',91= F ),7Y) defined by the conditions {f,n* T v)n =< ir\_f, v > c , / eH, u£ 
L 2 (C,91 T ) , where 

< u, u > c := — / <£z , u € i 2 (C, 01), u G L 2 (C. 91) . 

2tti 7 c 

Then we can define the dual objects T*,M*,iV* corresponding to the subspace 
/we = RanP* e C H . Note that P* e = P& and M», N*) ~ (T *,N*,M*) . 

Since Pq ^ Pq , we have JCq ^ /we . Besides, as is known from Section 1, 
/Ce = ^(3i) 7^ ^(32) +^-(21) an d therefore the main challenge of the Proposition is 
to handle all these subspaces coordinately. In |SJ|5], the author noticed that it was 
convenient to use the the pair of operators W, W* £ C(H, H) for a model and 
the dual one simultaneously. We extend this construction to 3-models. By [HUH] , 
there exist operators W k , W* k G C(H k , H) , k — 1,2 such that W* k W k = I, 
W k W: k = P k , and 

f k W k = W k T k , M k W k = M k , N k = W k N k , 

f* k W* k = W* k T* , M* k W* k = N* , N mk = W* k M* , 

where Pi = P( 2 \), Pi = P( 32 ) are projections related to the 3-model II = (ni, tt 2 , tt 3 ) 
Define W 21 := (Wi,W 2 ) and W* 21 := (W*i,W* 2 ). By Lemma Ol P (32) P (21) = 
P(2i)P(32) = 0. This implies 

W; 21 W 21 = diag (/, /) and W 21 W; 21 = P {21) + P (32) . 

We put 

T' 21 = W 21 T 21 W: 21 , M 21 = M 21 W; 21 , N 21 = W 21 N 21 , 

t 21 = W^T^Wi, , K 21 = N 21 W 21 , K 21 = WrtiMfr , 

and (see Remark after Prop. 11.51) 

T21 = (P(21) + P(S2)) TP (31) , M21 = MP(31) , N21 = (P(21) + P(32)) N , 

n 21 = (p ( * 21) + p ( * 32) ) r*p ( * 31) , E.21 = m*p ( * 31) , iv 21 = (p ( * t) + p ( * 32) ) tv» . 

Our aim is to show that (f 21 ,M 21 ,N 21 ) = (f 2 i, M 21 , N 21 ) ■ If this identity is hold, 
we get 

TW = WT 2l , MW = M 2 i , N = WN 21 , 

where W — P(3i)W 2 i , W* — P( 31 ^W* 2 i . Thus, £ 2 i and the Proposition is 
proved. Note also that W*W = I and WW* = P (31) . 

We check the desired identities by computations within the functional model. 
The identities 

Tk=( Q 1 ^ 2 J, M 21 = {M 1 ^.J@^{z)[M 2 {f 2 -0^fUz)dz) 
\ ' c 
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can be obtained by a straightforward calculation. Indeed, we have 



( WtTtW^ WxNxMiW^ \ = (T 1 N x M 2 \ 
\ W 2 T 2 W: 2 J \ f 2 J 



and 

M 21 / = M 21 W: 21 f = ( Mi , M 2 21 ) ( }^|) / 

= Mihi -^-j e rw [m 2 (t 2 - -r 1 w: 2 f 32 ]-( z ) dz 

c 

= Mthx er (z) [M 2 (f a - -r 1 / 32 ]_(z) ^ , 

c 



where / = / 2 i + € £(21) +£(32) . 

On the other hand, using Lemma ll31 Prop. lL^I and the inclusions UV X + C T>\ 
UH 3 i+ C H 3 i+ , we get 



T 2 if = (P ( 2i) + P( 32 ))TP m f = (P (21) + P m )P {31) UP (31) f = 

= (P(21) + P(32))P(31)Uf = (P(21) + P(32)Pf = 

= P{2\)Uh\ + P{Z2)Uj 2 \ + P( 2X )Uf 32 + P( 32 )Uf 32 = 

= Tifox + + P( 2 i)Uf 32 + T 2 f 32 = 

= T1/21 + P( 2 i) (I - P( 32 ))Uf 32 + T 2 f 32 = 

= T±f 2 i + P( 21) (Uf 32 - Uf 32 + n 2 M 2 f 32 ) + T2/32 = 

= T x f 2X +N x M 2 f 32 +T 2 f 32 , 
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where / = /21 + f%2 G ^(2i)+/C( 32 ) . Thus we have T 21 = ^21 ■ Further, if we recall 
Lemma ll .21 we obtain 

M 21 f = MP (31) f = Mf 21 +M{I-ttx P+4)h2 = 

c c 



Mi/ai + / (P-4f 32 )(z) dz = MJ 21 + ^- J (4f 32 )(z) dz = 

c c 
Mi/ai + ^r J(7rU 2 4f 32 )(z)dz + ^- J (4(1 - n 2 4)f 32 )(z) dz 



= Mi/ai + ^r 1 er(z)(7rt/ 3 2)(z)dz + = 
c 

= Mi/ 2 i-^ / er(^)[M2(f2-C)" 1 /32]-W^. 



c 

Therefore, = M21 . Similarly, M^ 21 = M*ai ■ We can obtain the residuary 

identity N' 2l = N 2 i if we make use of the duality relations 

(M' 2l f, n) = (/', K 2l n) , (jV 21 m, g') = (m, K 21 g') 

and 

(Max/, n) = (/, iV^m) , (N 21 m, g) = (m, M* 21 g) , 

where /' G /C [31] = £(32) +£(21) > s' € /w [31] = /C^+ZC^i) , / € /C (31) , 3 G 
^-*(3i) j n S ^1 j an d J7i G Ul 3 . Therefore, using relations of duality, we have 

(N' 2X m, g) = (m, M', 21 g) = (to, M* 21 g) = (N 21 m, g) . □ 

Remark. Note that we do not claim that T sm (Jl 2 )J : srn (Jli) = J- sm (H 2 Ili). The 
statement and proof of Prop. l2~3*l is a good illustration to our remark that the lin- 
ear similarity (but not unitary equivalence) is the natural kind of equivalence for 
conservative curved systems. 

The following theorem is a direct consequence of Prop. 12.31 We shall use the 
notation T ac := T sm o T mc . 

Theorem A. Let £1 = JF sc (0i), £2 = ■7 r sc(@2) and E 2 i = T sc , (@2i ) > where 
61, 6 2 ; 6 2 i = 6 2 0i G Cfn. Suppose that Ei ~ (£i©Ei u ) and E 2 ~ (E 2 ©E 2 „) , 
where the systems Ei u and E 2u are "purely normal" systems. Then there exists 
a "purely normal" system £ n = (T u , 0,0,0) such that £ 2 ■ Ei ~ (E21 © E„) . 

Proof. By Prop.O £ 2 • £1 ~ ^ 5c (6a • 0i) = E 2 i E„ . Then, using Prop.l2~Tl 
we have 

E 2 • Ei ~ (E 2 © E 2 „) • (Ei © £ lM ) ~ (£ 2 • El) © E lM © E 2m 
and therefore E 2 • E x ~ (E 2 i © £«) , where E n = E u © E lu © E 2u . □ 



Thus we see that the definition of product of conservative curved systems (Prod) 
is tightly linked to functional model though we do not refer to it explicitly. On 
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the other hand, its formal independence from functional model characterizes the 
comparative autonomy of conservative curved system well enough. Moreover, we 
have explicit formulas for £2 • £1 of systems and the product depends only on the 
factors £2, £1 and their characteristic functions (theoretically, the dependence on 
characteristic functions is undesirable, but, in author's opinion, we cannot count 
on having more than we have). 

Now we turn to the associativity of multiplication of systems. 

Proposition 2.4. One has £ 3 - (£ 2 -£i) ~ (Sr^-Ei , where E fc e Sys , ft = ±73 . 

Proof. Let £ fc = ^ sc (6 fc ) , n fc = T mc (Q k ) , Id = n 3 • II 2 • U x and £ = ^ STO (1T) . 
For the functional model Id , we consider the following subspaces K,\ = £(21) j 
£2 = £(32) j ^3 = ^(43) i £21 = £(31) j £32 = £(42) i £321 = £(41) , and dual 
to them. We will denote by Wi : i?i -> £1 , V^ 2 : #2 -> £2 , W 3 : #3 -> £3 
the operators that realize similarities of the systems Ej, , ft = 1,2,3 with the 
corresponding systems £& in the model Id (see the proof of Prop. |2~3*|) . Denote 
by W*/c j ft = 1,2, 3 the dual operators. As in the proof of Prop. |2~31 we get that 
the operator W 2 \ = P(3i)(Wi, W%) realizes similarity £ 2 • £1 ~ E 2 i . Similarly, 
the operator W32 = P(42)(W2, W 3 ) realizes similarity E 3 • E 2 ~ E 32 . By the same 
argument, we get that the operator ^3(21) = P(4i)(W 2 i, W3) realizes similarity 
E 3 • (E 2 • Ei) ~ E 32 i and the operator W( 32 )i = P(4i){Wi, W32) realizes similarity 
(E 3 • S2) • Ei ~ E 3 2i . Thus, the operators 

W 3(21) = P(u)(P(3i)(Wi,W 3 ),W 3 ) , W {32)1 = P m (W u P {42) (W 2 ,W 3 )) 

realize the similarities E 3 • (£ 2 • Ei) ~ S 3 2i and (E 3 • E2) • Ei ~ E 3 2i , respectively. 
Therefore, E 3 • (E 2 • £ x ) ~ (E 3 • E 2 ) • Ei . □ 

Recall that the operator P [41] = P {21) (I - P (32) )(I - P( 43 )) + P{23){! ~ P{32)) + 
P(43) — P(2i){I ~ P(43)) + ^(32) + P(43) is a projection in H onto the subspace 
£(2i)+£(32)+£(43) and its components P( 2 i)(I - P(43)) , P(32) , P(43) are com- 
muting projections onto the subspaces £(21) , £(32) , £(43) , respectively. Then we 
have 

^3(21) = P(4l)(P(3l)(Wl,W 2 ),W3) 

= P (41) (P (31) (P (21) (/ - P(43)) + P(32)) + P(43))(W U W 2 , W 3 ) 

and 

^(32)1 =P(41)(W 1 ,P (i2) (W 2 ,W 3 )) 

= P(41)(P(21) (I - P(43)) + P{42) (P(32)) + P(43) )) (Wl , W 2 , W 3 ) . 

Thus, W 3{21) = Y(Wi,W 2 ,W 3 ) and W {32)1 = Z (W ll W 2l W 3 ) , where Y, Z : 
£(21) +£(32) +£(43) —> £(4i) and 

Y = P(41) (P(31) (P(21) (I - P(43) ) + P(32) ) + P(43) ) , 
Z = P(41)(P(21)(I - P(43)) + P(42)(P(32) + P(43))) ■ 
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Let us show that Z 1 = [P( 2 i) + (P(3 2) + P(43))P(42)]|^-(4i) • Indeed, using 



Lemma 11.31 and Corollary of Lemma ( in ) we have 

(P(21) + (P(32) +P(43))P(42))Z 

= (P(21) + (P(32) + P(43))P(42))P(41)(P(21)(/ ~ P(43) ) + P(42) (P(32) + P(43))) 

= (P(21)P(41) + (P(32) + P^))P(A2)){P{21){I ~ P(43) ) + P(42) (P(32) + P(43))) 

= f(21) -P(41)-P(21) (/ - P(43)) + P(21)P(41)P(42)(P(32) + P(43)) 

+ (P(32) + P(43)) P(42)P(21) (I ~ P(43)) + (P(32) + P(43) )P(42) (P(32) + P(43)) 

= P(JU)(/ - P(43)) + P(21)P(41)P(42)(P(32) + P(43) ) + {P(32) + P(43) ) 

= 7 + P( 2 i)P(41)P(42) (P(32) + P(43)) 

Since 

P(21)P(41)P(42) = (P(21) + P(42))P(41)P(42) ~ P(42) P(41)P(42) 
= (P(21) + P(42))P(41)P(42) - P(42) 

= (P(21) + P(42))P(41)(P(21) + P(42)) ~ (P(21) + P(42) )P(41) P(21) _ P(42) 
= (P(21) + P(42)) - (P(21) + P(42)) P(41)P(21) ~ P(42) 
= P(21) + P(42) ~ P(21) — P{42) = , 

we obtain (P (21 ) + (P (32) + P(43))P(42))^ = i"|/C(2i) +^(32) +/C(43) . On the other 
hand, we have 

Z(P(21) + (P(32)+P(43))P(42)) 

= P(41)(P(21)(7 ~ P(43)) + P(42)(P(32) + P(43) ) ) (P(21) + (P(32) + P(43))P(42)) 
= P(41)(P(21) + P(42) (P(32) + P(43) )P(42) ) = P(41) (P(21) + P(42) ) 1^(41) 
= P(41)(P(21) + P(42))P(41) 1^(41) = P(41) 1^(41) = I\K-(41) ■ 

We need to compute the operator Z~ X Y : 

Z- l Y = (P (21) + (P (32) + P(43))P(42))P(41)(P(31)(P(21)(/ - P(43) ) + P(32)) + P(43)) 
= (P(21) + (P(32) + P(43))P(42))(P(31)(P(21)U - P(43) ) + P(32) ) + P(41)P(43)) 
= P(21)P(31)(P(21)(7 - P(43)) + P(32)) + P(21)P(41)P(43) 

+ (P(32) + P(43))P(42)P(31)(P(21)U - P(43)) + P(32) ) + (P(32) + P(43) )P(42) P(41) P(43) 
= P(21)(7 - P(43)) + P(21)P(31)P(32) + P(21) P(41) P(43) 
+ P(32)P(42)P(31)(P(21)(/ ~ P(43)) + P(32)) 

+ P(43)P(31)(P(21)(7 - P(43)) + P(32)) + (P(32) + P(43))P(42)P(43) 



= P(21)(7 - P(43)) + P(21)P(31)P(32) + P(21)P(41)P(43) 

+P(32)P(42)P(21)(7 - P(43)) + P(32) P(42) P(31) P(32) + P(32)P(42)P(43) + P(43) 
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Since 

-P(21)-P(31)-P(32) = (P(21) + -P(32))-P(31)(-P(21) + P(32)) ~ -P(21) P(31) -P(21) 
~ -P(32)-P(31) -P(21) - -P(32)-P(31) -P(32) 
= -P(21) + P(32) - P(21) - P(32)P(21) ~ P(32) = 

and 

P(32) P(42) P(i3) = (P(32) + -P(43) ) P(42) (P (32) + P(43)) ~ P{32) P(A2)P(32) 
- P(43)P(42) P(32) ~ -P(43)-P(42)- P(43) 
= P(32) + f (43) - -P(32) - -P(43)-P(32) - P(4S) = , 

we obtain 

Z~ X Y — P(21)(I — P(43)) + P{21)P{41)P(43) + -P(32)-P(42)-P(31)-P(32) + -P(43) • 

Taking into account that RanP(4 3 ) C 7^41+ and using Lemma we have 

-P(21)-P(41)-P(43) = (-P(21) + -P(42))-P(41) -P(43) _ -P(42) P(41) P(43) 

= (P(21) + P(42))P(43) ~ P{42)P{43) = P(21)P(43) ■ 

nt that RanP( 32 ) C TL41+ and using 

-P(32)-P(42)-P(31)-P(32) = -P(32) (-P(21) + -P(42) ) (-P(31) + P(43)) P(32) 
= P(32)(P(21) + P(42))P(32) 

= -P(32)-P(21) -P(32) + -P(32) -P(42)-P(32) = P{32)P(32) = P(32) ■ 

Therefore, 

Z~ X Y = P( 21) (J - P {43) ) + P( 2 1)P(43) + P(32) + P(43) 

= (P(21) {I - P(43)) + P{32) + P(43)) + ^(21)^(43) 
= (I + -P(21)P(43))l^(21)+^(32)+^(43) ■ 

Note also that Y~ 1 Z = (I — P(2i)P(43))|£(2i)+^(32)+^-(43) ■ Indeed, we have 

P(21) P(43) P{21) P (43) = ■ 

Further, for the operator (Wi, W 2 , W 3 ) : Hi © H 2 © H 3 -> /C( 2 i)+/C( 3 2)+/C(43) , 
it can easily be checked that (Wi, W 2 , W 3 ) -1 = I ^; 2 P (32) I . Thus 



Likewise, taking into account that RanP( 32 ) C TL41+ and using Lemma \(SJ} we 
have 



we obtain 



w: 3 p m 



w mn w mi) = w ^ W3)- 1 z- 1 y(w 1 , w 2 , w 3 ) 



I W^P^P^Ws 
= 10/ 
I 

and therefore 1^3(21) I because, in general, we have no the property 

-P(2i)P(43) = . Thus the identity S 3 ■ (£ 2 • Si) = (S 3 ■ £ 2 ) • S x does not hold. 
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Example. Wc continue the example from Section 1. Consider the systems 



Ei = E 2 = T sc (9) = ((0), (1), (1)), E 3 = T K 



Then we can easily calculate that 



1 



E 3 ■ (E 2 • Er) 








V o 



£ 

1 









1 

o J 



1 




(l,£,-£ 2 ,2 £ 3 ), 



.(1,0), 



t £3 2 \ 

2e 

\ 1 J 



2t 
1 



and 



(E 3 • E 2 ) • Ei 



Thus, E 3 • (E 2 • Ex) ^ (E 3 






V o 

E 2 ) 



X = 



1 




V o 



1 £ 

1 




•Ei. 

-e 

1 
1 




-e.' 

1 


The matrix 

2 2£ 3 \ 



,(1,6,0,0), 



2e 

V i / 



/ 



realizes the similarity E 3 • (E 2 • Ei) ~ (E 3 • E 2 ) • Ei . 

3. Regular factorizations 

We start with extension of the notion of regularity to the class of n-characteristic 
functions. 

Definition. We shall say that a n-characteristic function O is regular (and write 
9 6 Cf< es ) if Wi>j>k 

Ran(/-e^(z)e 4J (z)) 1/2 nRan(/-e, fc (z)e] fc (z)) 1/2 ={0}, a.e. zeC. 

Note that it suffices to check these conditions for k = 1, i = n , j = 1, n (it follows 
from yQ, Lemma VII. 4.1). 

Taking into account the fact that we identify n-characteristic function with the 
factorization of Schur class function, we obtain the definition of regularity for 
factorization of Schur class function in the case when n — 3 . If additionally 
Sfc = 1, k = 1, 3 , we arrive at the standard definition ^[2] (see the Introduction). 

In the context of functional models the corresponding notion is the following. 

Definition. Let Mod^ e9 := {II S Mod„ : RanTTi V Ran7r n = H} . We shall say 
that an n-model II S Mod„ is regular if II £ Mod^ 69 . 

We are going to show that these two notions of regularity (for n-characteristic 
functions and for n-models) agree. With that end in mind we employ the con- 
struction of Prop. 11.11 It is easy to show that for any two contractive operators 
A 2 \ : N\ —> N-2 and A 32 : J\f% — > A/3 there exist three isometries V\ : M\ — > H , 
V 2 : W 2 -> H , and V 3 : Af 3 -> H such that 



A 2 i = v;vi , 



A 



32 



V*V 2 , A 32 A 21 = Kl/i 



Note that we need no to assume as in Prop. H~T1 that the operators A 2 i and A 32 
are operator valued functions of weighted Schur class: it suffices to assume that 
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they are merely contractive operators. Evolving this approach, we obtain the fol- 
lowing Lemmas 13.11 and 13.21 Let V\, V 2 , V3 be isometries; A21 — V 2 *V\ , A 32 — 
V 3 *V 2 , A 31 = V 3 *V X ; £1 = RanFi , £ 2 = RanV 2 , and £ 3 = RanV 3 . 

Lemma 3.1. The following conditions are equivalent: 
1) Mi = M 2 A 21 ; 2) V£Vi - V^VJVi = : 
3) ((£1 V £ 2 ) e £2) J- ((£3 V £ 2 ) £ 2 ) . 

Proof. 1) ^==^ 2) is obvious. To prove 2) <^=> 3) we need the following 

Lemma (iv). One has closRan(J — V 2 V 2 *)Vi = (Ran V\ V Ran V 2 ) Ran F 2 • 

Proof. Let / G Ran (7 - V 2 V 2 *)Vx . Then / = (7 - V 2 V 2 *)V 1 u € Ran V x V RanU 2 . 
On the other hand, V* f = V 2 *(I - V 2 V 2 *)V lU = (I - V 2 *V 2 )V 2 *V x u = • V 2 *V x u = , 
that is, f±RanV 2 and therefore Ran(J - F 2 Vy)Fi C (Ran V x V Ran V 2 ) 9 Ran V 2 . 
Conversely, let / e (RanVi V Ran V 2 ) RanV 2 . Then we have V 2 f = and 
(ViU\ n + V 2 u 2n ) . Hence, 

/ = (/ _ V 2 V 2 *)f = lim™((J - V 2 V 2 *)V lUln + (I - V 2 V 2 *)V 2 u 2n ) 

= (I- V 2 V 2 *)f = lim™(J - V 2 V 2 *)V lUln g closRan(/ - V 2 V 2 *)V X . □ 

To complete the proof of Lemma 13.11 we need only to make use of the following 
observation 

Ran(J - V 2 V 2 )V X _L Ran(J - V 2 V 2 )V 3 <S=^> V 3 *{I - V 2 V 2 )V 1 = . □ 
Lemma (v). Assume that V 3 *V X - V 3 *V 2 V 2 *V X = . Then 

(£1 v £ 3 ) e £ 3 c ((£1 v £ 2 ) e £ 2 ) ® ((£ 3 v £ 2 ) e £ 3 ) . 



Proof. Using Lemma (iv) and the obvious identity 

(I - VsV^V! = (I- V 2 V 2 *)V X + (7 - V 3 V 3 *)V 2 V 2 *V! , 

we get 

(£1 v £ 3 ) e £ 3 c ((£1 v s,) e £2) v ((£ 3 v £ 2 ) e £ 3 ) . 

By Lemma ED] ((£1 V £ 2 ) 9 £2) i. ((£3 V £ 2 ) 9 £2) . Then 

((£1 V £ 2 ) G £ 2 ) -L ((£3 V £ 2 ) G £2) © £2 = £3 V £ 2 
and therefore ((£1 V £ 2 ) £ 2 ) _L ((£3 V £ 2 ) £3) . □ 

Remark. If we define the isometries Tjij : closRan(7 — V J *ViV*Vj) 1 / 2 — > H by 
the formula Tjij (I — VjViV^Vj) 1 ' 2 = (I — ViV*)Vj , we can rewrite the identity 

(/ - v 3 v 3 *)v x = (i - v 2 v 2 *)v x + v 3 v 3 )v 2 v 2 *Vi 

in the form 

r 131 (7 - A* 31 A 3X fl 2 = t 121 (I - A* 21 A 2i y/ 2 + t 232 (I - A* 32 A 32 y/ 2 A 21 . 

Note that clos Ran = clos Ran(J— ViV*)Vj . Then, by Lcmma lXTl the condition 
V 3 (I — V 2 V 2 *)Vi = means t 232 t X2X = and t± 21 t 232 — . Therefore we have 

(I - A* 21 A 2X f/ 2 



and the operator Z — {r X2X + t 232 )t X3X is an isometry. We need the following 
Lemma established in |2). 
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Lemma (vi). The following conditions are equivalent: 

1) Ran (/ - Al 2 A 32 ) x l 2 n Ran (I - A 21 A* 21 ) 1 / 2 = {0} ; 

2) A* 1 {I-A* 32 A 32 ) 1 / 2 m+{I-A* 1 A 21 ) 1 / 2 n = 0, m G clos Ran {I-V 2 *V 3 V 3 *V 2 ) 1/2 
and n G clos Ran (7 - V^V^'Vi) 1 / 2 m = 0, n = ; 

5j TTie operator Z defined by the condition (Z) is an unitary operator. 

Now we have prepared to prove the Lemma 13.21 which allow us to translate factor- 
ization problems into geometrical language and now we can point out the purely 
geometrical nature of the notion of regularity. Note that this fact is the underlying 
basis of the generalization of Sz.-Nagy-Foia§'s regularity criterion in |18j . where the 
authors drop the condition of analyticity. 

Lemma 3.2. Assume that V 3 *Vi - V 3 *V 2 V 2 *V X = . 
Then the following conditions are equivalent: 

1) Ran (/ - A* 32 A 32 f/ 2 n Ran (I - A 21 A* 21 f/ 2 = {0} ; 

2) clos Ran (7 - V 3 V 3 *)V X = clos Ran {I - V 2 V£)Vi © clos Ran (I - V 3 V 3 *)V 2 ; 

3) £ 2 c £i V £ 3 . 



Proof. 1) 2) By Lemma \(vi)\ condition 1) is equivalent to the condition that 
the operator Z is unitary. Since under our assumptions Z is always isometrical, 
we can check only that Z* = t 1 * 31 (ti2i + t 232 ) is an isometrical operator. The 
latter is equivalent to the condition Ranri2i © Ranr232 C Ranri3i . The inverse 



inclusion is Lemma (v) 



2) => 3) Since we have (£ x V £ 3 ) Q£ 3 = {{£i V £ 2 ) G £ 2 ) © {{£ 3 V £ 2 ) 9 £ 3 ) , we 
obtain 

Si V £ 3 =£ 3 (B {{S x V £ 3 ) G £ 3 ) =£ 3 ® {{£ 3 V £ 2 ) £ 3 ) © {{S x V £ 2 ) © £ 2 ) 

= {s s vs 2 ) © {{Si v s 2 ) e s 2 ). 

Hence, £ 2 C £\ V £ 3 . 

3) =>> 2) We have £ 2 C £i V £ 3 ■ Then 

S 3 © ((f 2 V £ 3 ) © £3) =£ 2 V£ 3 c£!V£ 3 =£ 3 ® ((£1 V £ 3 ) © £ 3 ) 

and therefore {S 2 V f 3 ) © f 3 C {£ 1 V f 3 ) © £ 3 . 

On the other hand, we have {{S x VS 2 )eS 2 )± S 2 ) and {{S x V S 2 ) © f 2 ) _L ((5 3 V 
£2) © £2) • Hence, {{Si V £ 2 ) © £2) ±S 3 VS 2 . Then, we get 

£ 3 © ((f 1 V £ 2 ) © £ 2 ) C £1 V £ 2 V £ 3 c £ 1 V £ 3 = £ 3 © ((£1 V £3) © £3) 

and therefore (£1 V £2) © £2 C (£1 V £3) © £3 . Thus, we obtain 

((£1 V £ 2 ) © £2) © ((£2 V £3) © £3) C (£1 V £3) © £3 . 



The inverse inclusion is Lemma Jv) □ 



The following assertion is a straightforward consequence of the lemmas. 
Proposition 3.3. One has U = T mc {Q) G Mod™ 3 9 G Cfn^ 9 . 

We have defined the notions of regularity for Cfn„ and Mod„. Now we pass 
over to curved conservative systems looking for a counterpart of the regularity in 
this new context. In the Introduction we have defined the notion of simple curved 
conservative systems. For them, we have 
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Proposition 3.4. 1) Let E = T sm {U) , II E Mod and p{T) T/ierc the 

system £ is simple; 2) If £ ~ E' , i/ien £ is simple E' is simple; 3) If a 

system E is simple, then the system E* is afeo simple; 4) If E ~ E' , E ~ E' 
and i/ie system E is simple, then X = X' ; 5) If the system E = E 2 -Ei is simple 
and p{T) C\ p(Ti) n G + ^ , i/ien i/ie systems Ej and E 2 are simple. 

Proof. 1) By ^7], we have 

-MfT - zr 1 f = J e+ ( z )~Vt/) W . z e p(f ) n G+ 

1 l ^ eG - 



and therefore 

n 

z£p(T) 



f| KerM(f-z)- 1 = {/ € JC : ?r^/ = , tt!/ = } 

= {/ e JC : f± Ranvr + , f± Ran7r_ } = {0} . 



2) Let E ~ E'. Then M(T — z)" 1 = M'(T' - z)- x X and the property follows 
straightforwardly from this identity. 

3) is a direct consequence of properties 1) and 2). 

4) It is sufficient to check that E ~ £ =>■ X = I . We have 

M(T - z)- 1 ^/ = MI(T - z)- x f = M(T - z)- 1 f =^ 

X/-/G KerAf(T-z)- 1 = {0} X/ = / . 
^ep(T) 

5) It can easily be checked that p{T) n C /o(T 2 ) . Then we have 

(Ti-z)- 1 -(Ti - sJ-^MatTa - s)- 1 
(Ta-z)- 1 

and therefore V/i 6 i?i M 2 i(T 21 - z)~ x /i = Mi(Ti - z^/i ■ Hence, 

p| KerMi(Ti-z)- 1 C f| Ker M 21 (T 21 - z)" 1 = {0} , 

z6p(T) zGp(T) 

that is, the system Ei is simple. 

Further, by property 3), the system E* is simple. Then, using the same argu- 
ments as above, it follows that the system E 2 is simple. Hence the system E 2 is 
simple too. □ 



(T 21 - z)- 1 



Definition. The product of systems E 21 = E 2 • Ei is called regular if the system 
E 21 is simple. 

Proposition 3.5. Let Ei = .F sm (IIi) ; E 2 = J r 5m (II 2 ) . Suppose Ei ~ Ei , 
E 2 ~ E 2 , E 2 i = E 2 • Ei , and piT^i) fl G+ 7^ . Then the product E 2 • Ei is 
regular the product II 2 • TIi is regular. 

Proof. Without loss of generality (see Prop. l2~3l and Prop. GO} it can be assumed 
that E 2 i = E = T sm (Tl2 ■ ITi) and T 2 i = f . As above (see the proof of Prop. 13. 4j) . 

we get 

fC u = f| KerM(f -z)- 1 ={/e/C (3 i) : ^/ = 0, ^l/ = 0} 

z6p(T) 
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and therefore JC U C (RanTr+VRanTT-) 1 - . On the hand, if / 6 (Ran 71-+ VRanTT-) 1 - , 
then P(3i)/ = / and / G ^(31) • Thus, K u — (RaD.7r+ V RanTr-)^ . It remains to 
note that the product £2 ■ £1 is regular iff fC u = {0} and the product II2 • Oi is 
regular iff Ran7r + V Ran7r_ = H (recall that ir + — Tt3 and tt_ = 7Ti ). □ 

Combining Prop. HOI and Prop. l3~5l we arrive at 

Proposition 3.6 (Criterion of regularity). Let £1 = T SC {Q{) , £2 = •7 7 sc(02) • 
Suppose Ei ~ Si , £2 ~ £2 , £21 = £2 • Si , and piT^x) C\ G+ 7^ . Then the 
product £2 • Si is regular the factorization 02 • 0i is regular. 

Thus we obtain the correspondence between regular factorizations of characteristic 
functions and regular products of systems. 

Remark. It can easily be shown that the inner-outer factorization of Schur 
class functions is regular (see pQ). Hence, using the criterion of regularity, one can 
prove that the product of colligations with C\\ and Coo contractions is regular. It 
is possible to extend this result to the case of weighted Schur functions employing 
the generalization of regularity criterion (Prop. ESJ- Note that, for J-contractive 
analytic operator functions, J-inner-outer factorization is regular too |19j . However, 
since in this situation we lose such a geometrical functional model as is the Sz.-Nagy- 
Foias, model for contractions (and such a geometrical description of regularity), we 
have to establish at first the regularity of the product of "absolutely continuous" 
and "singular" colligations (analogous of C\\ and Coo contractions) and then to 
obtain the uniqueness of J-inner-outer factorization |19| . 

4. Factorizations and invariant subspaces 

The most remarkable feature of the product of systems is its connection with 
invariant subspaces. We see that the subspace H\ in the definition (Prod) is in- 
variant under the operator T21 (and under its resolvent (T21 — z) 1 > z G-). 
In the context of functional model this implies that the subspace is invari- 

ant under the operator T (see Prop.EH)- Following B.Sz.-Nagy and C.Foia§, we 
shall work within the functional model and use the model as a tool for studying 
the correspondence "factorizations «-> invariant subspaces" . Let S Mod3 , n = 
3~mc{&) = (tti, 7T2, ^3) £ Mods . We define the transformation L = .Fj c (0) as a 
mapping that takes each 3-characteristic function (which we identify with factor- 
ization of Schur class function) to the invariant subspace L := /C(2i) = RanP( 2 i) . 
To study the transformation Ti C (and its ingenuous extension to n-characteristic 
functions), we need to make some preliminary work. 

Let n 6 Mod„ . Consider the chain of subspaces Hn+ C . . . C Tt n i+ (see 
the definition of Hij+ after Lemma 1 1.311 . These subspaces are invariant under the 
resolvent (14 — z) _1 , z E G_. The inverse is also true accurate up to the "normal" 
part of the chain. 

Proposition 4.1. Suppose IA S £(7^) is a normal operator, o~(U) C C, and 
Hi+ C . . . C H n + is a chain of invariant under (U — z) _1 , z G G_ subspaces. 
Then there exists an n-model H G Mod„ such that TLki+ C Tik+ , k = 1, n 
and the subspaces Ti u k '■— 7~Lk+ Q 'Hki+ reduce the operator IA . If an n-model 
n' G Mod n satisfies the same conditions, then 7i k , = TLk+ and 3 ipk such that 
ipk^k 1 G H°°(G+, £(9tfc)) and n' k — iTkipk ■ Besides, we have H u i C . . . C 'Hun ■ 
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Proof. Consider the Wold type decomposition TLk+ = T~(-k+ © w ^ respect 

to the normal operator U , <j{U) C C (see QUI)- The operator U\TL V ^ is the pure 
subnormal part of U\TLk+ and U\H$°? is a normal operator. This decomposition 
is unique. We set 

£k+ = W^" 7 ", £k =V z<£c{U — z) £f.+ , £k-—£kQ£k+ 

Obviously, C TLr: + and U*\£u- is the pure subnormal part of U*\Hj; + . For 
i > j > k , we have £i-J-£j+ , £k+ C l~tj+ , and c . Hence, 

£kCV zic (U-z)- 1 H ]+ and C V # (M* - l)^ . 

This implies that 

£j © ((£* V £j) © £,) = £k V c ^ V H j+ = £j © H%T . 

Therefore we get 

(£ fc V£j)e£j C H" or and £ j+ ® ((£ k V £j) Q £j) C Hj 

In the same way, £j_ ffi V £j) G £j) C . And finally, 

((£ l V£j)e£/)±((£ k V£ 3 )e£j. 

We need to make use of the following lemma. 

Lemma. Suppose U £ £(TL) is a normal operator, o~(lA) C C ' , £+ C TL and U\£+ 
is a pure subnormal operator. Then there exists an operator tt G C(L 2 (C, 91), TL) 
such that Ran n = V A ^ C (W - \)~ l £+, Kcr tt = {0} , TrE 2 {G + ,W) = £ + and 

UlT = 7TZ . 

Proof. Without loss of generality we can assume that TL = V\fc{^ — ty~ 1 £+- 
By ^U|, there exists an unitary operator Y € £(E 2 (G + , s Xl),£ + ) such that UY = 
Yqz , where i5^(G+,0T) is the Smirnov space of character-automorphic functions 
(see the comments between Prop 11.41 and Prop ll.5|) . By Mlak's lifting theorem |20j . 
the operator Y can be extended to the space L 2 (G, 91) lifting the intertwining 
condition. This extension will be denoted by tt S C(L 2 (C, 91), TL) . So, we have 
Uttq = ttqz . Similarly, there exists an extension Xo e C(TL, L 2 (C, 01)) of the 
operator Y^ 1 such that A W = zX . Thus, A 7r |.E 2 (G+, 91) = I\E 2 a (G+, 91) . 
Since L 2 (G, 91)) = \Z\^c( z — \)~ 1 E 2 (G+, 91) , we get A 7r = I. Likewise, since 
tt X \£ + = I\£ + and TL = V\^c(M — ^) 1 £+ > we get tt X = I and therefore 
V 1 = A e£(H,L 2 (G,91)). 

According to ^Hli the "bundle" shift z|_E 2 (G+, 91) is similar to the trivial 
shift z|.E 2 (G+, 91) . The similarity is realized by operator valued function \ S 
L°°(G,£(91)) such that G L°°(G,£(9T)) and x^ 2 (G+,91) = £ 2 (G+,91). 
Then we put tt := ttqx ■ Q 

Since U\£j + is the pure subnormal part of U\TLj , there exists operators ttj G 
C(L 2 (C, 91/), TL) such that Ran7Tj = , TTjE 2 (G + ) = £j+ , and W7Tj = 7Tj-z. 
In terms of operators 7Tj we rewrite the relations obtained earlier. The relation 
£i—L£j+ implies P-(ir}iTj)P + — and the orthogonality ((£$ V £,) G £j)_L((£fc V 
£j)Q£j) means that Ran(7— irjTrj)iri _L Ran(J— 7r.,-7rt)7rfc . Hence, 7r t (Z — 7^- 7rt ) 7Tfc 
1 i and 7r]7Tfe = TrliTjTTjTTk . Thus, the n-tuple n = (7ri, . . . ,7r„) is an n-model. 
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We put Hji+ = H^v-vwt n KerTTjP-Tr] . Then, 

Hji + = RanP Wj v---V7Ti n Ran(I - 7TjP_7rt) = RanP^y-.-VTriC-f - ttj-P-tt]) 

= RanPr^v-.-v-TriCU - ttj-ttJ) + njP+TV^) = £j+ © Ran(7 - 7r :) -7r])P 7rj . v-v^ 
= £j+ © V{Z\ closRan(7 - 7rj-7rt)7r* = £ i+ © (vjli ((£* V £,•) © £,•)) . 
Hence we get H jl+ C ft J+ = £ j+ © H™7 and 

n uj = n j+ © = © (vfci ((f fc v £,) e £,•)) . 

It is obvious that the subspace TL U j reduces the operator IA . 

Assume that H'j 1+ = 'H- k '.\/—Vtz' 1 (iKem'jP-Trj , H'j 1+ C Hj+ and the subspace 
H.j+ © 7~L'ji+ reduces the operator U , where II' = (n[, . . . , w' n ) S Mod„ . Then we 
have the generalized Wold decomposition 10 H j+ = £' j+ © (^il\((£' k V£j) e£j))ffi 
© ■ Since this decomposition is unique, we obtain £j + = £j + , £j = £j 

and, by induction, = l~Cji+ ■ Then, ir'j = itjipj , where ipj — tViTx'a , tpj 1 = 

tt^-g /f°°(G + ,£(^)). 

Since 7Y UJ _L (£,•+ © ((£* V £,•) © £,*)) and W„j C Hj+ , we get 7Y UJ _L (£ k V £,*) . 
For i > j , we have £i_ C C H^j ■ Hence, Tt U j -L£i and H U j _L W^v—vti-i . 
Since Hj\+ C H^v-vtti , Huj C W^y-Wi and 7Y J+ = H«j © , we have 
W„j = K^ nV ... V7ri H H j+ and therefore H«i C . . . C H un . □ 

Let 6 e Cfn. We fix and define Mod* := {n e Mod„ : tt+tti = 0} . Then 
we can consider the chain of subspaces T® m (TV) := (/Cm) C ^C(ai) C . . . C ^C(ni)) , 
where K(k\\ — Ran P(fci) ■ The subspaces K,n.\\ are invariant under the operator 
T and this observation motivates the following definition. 

Let 6 = 7r^7r + , where the operators ir± S £(L 2 (S±),7i) are isometries. Let 
W € C(T~Q be a normal operator such that Uir± = n±z and u(U) C C. Let also 
JC = RanP, P = (7- tt+P+tt^ )(/ - 7r_P_7r^) , and T = PU\K . 

Definition. A chain of subspaces L = [Li C Li C . . . C L n ) is called n-invariant 
if L„ C K, , (T — z)^ 1 Lk C Lfc , z 6 G_ , k = 1, n , and i/ie subspaces L\ , K, Q L„ 
reduce the operator U . We will denote the class of all n-invariant chains by Inv* . 

In fact, we have already defined the transformation J-f : Mod n — > Inv* , which 
takes each n 6 Mod n to the n-invariant chain of subspaces (/Cm) C ^C(2i) C . . . C 
^C(ni)) S I nv n ■ This transformation is surjective accurate up to the "normal" part 
of the chain. 

Proposition 4.2. Suppose a chain L is n-invariant. Then there exists an n-model 
n G Mod„ such that Kn-i) Cit, k — l,n and the subspaces L u k := Lfe © ^(fei) 
reduce the operator U . If an n-model II' € Mod n satisfies the same conditions, 
then ^C(fcx) = fyki) an d 3"0fc such that ^pk,^ 1 & H°°(G+,£,( s Rk)) and -n' k — 
irkipk ■ Besides, we have L u \ C . . . C L un . 

Proof. We put TLk+ = Lk+T> + , where T> + = Rang + , q + = Tr + P + n^_ . Then, for 
zeG_,weget (U - z)~ l V + C D+ C H k and 

{U - z)- x L k c P{U - z^Lk+q+iU - z)- x L k C (T — z)~ 1 L k +V + c H k ■ 
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Therefore the chain 7i\+ C . . . C TL n + is invariant under {LA — z)^ 1 , z 6 G_. 
By Prop. 14.11 there exists an n-modcl II 6 Mod„ such that 7ifci+ C 7ifc+ , A: = 
l,n and the subspaces TL uk = 'Hk+ Q 7~tki+ reduce the operator U . Since L\ 
reduces U, we have that Tti+ = T>j r +L\ is the generalized Wold decomposition 
of 7ii+ ■ Taking into account the uniqueness of Wold decomposition, we obtain 
7r+ = TT\Tpi . Comparing the Wold decompositions of the equal subspaces K.+*D+ 
and (/C G L n )-\-TL n+ , we obtain 7r_ = 7r„Vn ■ Thus we can assume without loss of 
generality (see the proof of Prop. l4.1|) that 7ri = 7r+ and 7r„ = 7r_ , i.e., II 6 Mod n . 

Since Lk C K, , we have Lfc = (I — r K+P+Tt + )Tik+ ■ Taking into account that 
£(ki) = (I - 7r + P + 7r 1 F )7i; fe i + and ft fel + C U k + , wc get /C (fcl) C Lfc . Since H uk = 
v - V7ri 7~Lk+ ; w s have 7Y u fe — PT~Luk C PTLk+ — Lk and therefore 7"^/; © 
/C(fei) d Lk ■ In fact, these two spaces are equal. Consider the operator q^. = 
7i+Pj_7r£ , which is the orthogonal counterpart to q + = -k + P + -k^ + (see the comments 
between ProplTland Prop li3|) . Put L' k := (I-q' + )L k and /C' (fel) := (I-q' + )fC^ . 
By Corollary of Lemma [(m}| Lk = (I — q+)L' k and = {I— Q+)^[ki) ■ Further, 

we have 

L'k e fc' m — (L'k © v + ) © (/c' (fcl) © x>+) = w fe+ e n k i + = n uk . 

Then 

L k = (I-q+)L' k = (I-q + ){K[ m ®H uk ) = IC (kl) +H uk = LC {kl )®H uk 

and therefore L k = 1C(ki) © Huk ■ Hence, L uk = L k © K(ki) = 7~luk ■ Then, by 
Prop. Pm we have L u i C . . . C L un . 

Let II' s Mod^ be a n- model such that JC/jyj C L k , fc = 1, n and the subspaces 
^ufe — LkQ ^-(fei) re duce the operator W . Then = /C'^ fcl j+I? + C Lfe-i-X> + = 

H k + and the subspaces Hfc+ Q / H' kl+ = L' uk reduce the operator U . By Prop. ETTl 
we get H' kl+ = Hfei+ . Hence, /C' (fcl) = (I-7r+P + 7r]j_)W fel+ = (I-ir + P + ir\.)Hki+ = 
/C (fel ) . □ 

Remark. In the case n = 2 this proposition is an analogue of the well-known 
decomposition of a contraction T into the orthogonal sum T — r L cnu © T u of 
the completely non- unitary part T cnu and the unitary part T u (see £Q). In this 
connection, we will use the notation 

Inv e n cnu :={(LiCL 2 C...C L n ) e Inv* : L un = {0}} 

In this notation Prop. FQ1 means merely that Ran Tf m = Inv^ cnu . Note also that 
the condition L un — {0} is equivalent to the condition 

V*=i[V,*o(W - z)- X ([V^ c (W - «)- 1 (i*+X> + )] © {Lk+V + ))\ =H. 

Let us now return to the transformation Ti C . Fix 9 £ Cfn and define Mod n := 
{O 6 Mod : 0„i = 9} . Then we can consider the restriction Ti c \ Mod 3 , which takes 
each 3-characteristic function 9 S Modg to the invariant subspace L := /C/ 2 i) C 
7Y . The main difficulty to handle effectively factorizations of the function 9 is the 
fact that the space TL is variable and we cannot compare invariant subspaces when 
we run over factorizations of 9 . To avoid this effect we shall restrict ourselves to 
models for which TL = Ti.- K+ \/- K _ = Ran7r+ V Ran7r_ and n = (tt + , ix-i , 7r_ ) , where 
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7r± G £(L 2 (S±), 7i) are some fixed isometries such that 6* = 7r_7r+ . Then we 
obviously have Ran7r2 C Ran7ri VRan7T3 and therefore II = (711,^2,^3) £ Mod™ 9 . 
In this connection we define the subclasses 

Cfn*™ 9 := Cfn* R Cfn™ 3 , Mod* ™ 9 := Mod* n Mod™ 9 

and 

Inv*™ 9 := {L G Inv* : Ran7r+ V Ran7T_ = H} . 
By Prop l3.3l it can easily be shown that 

^L(n) e inv*™ 9 ^neMod^ . 

Besides, it is clear that Inv*™ 9 C Inv* c ™" . 

Finally, we define the transformation T® c : Cfn*™ 9 — > Inv*™ 9 by the following 
procedure. Let 6 G Cfn*™ 9 and II = T mc {&) G Mod„ (in fact, by Prop. IP 
n G Mod™ 9 ). Then, U = H ni vn n = Ran ix\ V Ran7r„ and 9 = tt+ 7Ti . By 
Prop. ITTI there exists an unique unitary operator X : l~t ni vn n —> 'Htt+vtt^ such 
that 7T+ = Xtti and tt_ = Att„ . Then we put ^(6) := T e im {XW) G Inv*™ 9 , 
where XII = (Xtt 1 ,Xtt 2 , Xw n ) G Mod*™ 9 . This definition of the fundamental 
transformation T° c is rather indirect. As justification of it we note that in the case 
of the unit disk the known approaches [Tll2lllfci| are not simpler than our procedure. 
The following Proposition is a straightforward consequence of Prop. 14.21 

Proposition 4.3. One has 1) Ran^ c = Inv*™ 9 ; 2) If Ff c {&) = 

0, 0' G Cfn*™ 9 , then 0' ~ , where ~ is equivalence relation: 0' ~ if 

3ip k , k = 2,n-l such that fa, G H°° (G+, £{m k )) , 0^ = ip^Qijipj , and 

E 'k = ^t-ktpk ; 1/Jl=l,1p n =l. 

Thus, one can consider the quotient space Cfn*™ 9 ~ := Cfn*™ 9 j ^ and the cor- 
responding one-to-one transformation : Cfn n ™ 9 ~ — > Inv*™ 9 . Note that 
the functions ipk can be regarded as S-unitary constants, i.e., if>t — ip^ 1 G 
i?°°(G + ,/:(0T fe )) , where ^ are ad j oint to . L 2 (Sfc) _ 

Let us consider particular cases. In the case of n = 3 we obtain that the trans- 
formation !Ff~ : Cfn*™ 9 ~ — ► Inv*™ 9 is an one-to-one correspondence between 
regular factorizations of a characteristic function and invariant subspaces of the 
corresponding model operator. 

Consider the case n = 4. Let L = {L\, L 2 , £3, L4) G Inv*™ 9 . By Prop. FOl 
there exists G Cfn*™ 9 such that L = Tf c {&) . If we rename L' = L 2 , L" = L3 
(recall that L\ = {0}, L 4 = Kg ) and 9 = 4 i, 9[ = 2 i, 2 = ©42, 6" = 
©31, # 2 ' = 43 , 2+ = Si , S' = 3 2 , S" = 3 3 , 5_ = 5 4 , then we have 

6» = 9' 2 9[ = 9 2 9'[ and 3 d G Ss such that 0" = t5^ , 2 = 6> 2 '^ . (-<) 

Certainly, ?9 = ©32 and E = (3', 3") . We shall say that the factorization 9 = 0' 2 6[ 
precedes the factorization = 9 2 &[ (and write 6 2 0'i < 9 2 9'{ ) if the condition (-<) 
is satisfied. Thus, V C L" 9' 2 9\ -< 9' 2 '9'[ . 

Conversely, suppose that factorizations 9' 2 9' x — 9 2 9'[ are regular and 9' 2 9' x -< 
9' 2 '9'{ . After backward renaming we have G Cfn*™ 9 . Let L = J 7 * (0) , V = 
T® c (Q 2 Q'y) , and L" = J^Jfi^i ) ■ Since the factorizations are regular, we have 
L' = L 2 , L" = L 3 . Therefore, 2 0^ -< 9'^9'{ ==^> L' C L" . Finally, we have 

.^If 9 (042021) C ^™ 9 (04303l) <=► 042021 -< 043©31 . 
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It is easy to check that 9' 2 9' x -< 9'±9'{ , 9' 2 9' x ~ d' 2 d' 4 , 9' 2 '9'{ ~ => d' 2 -&\ < tf 2 'tf'/ , 
i.e., the order relation -< is well defined on the quotient space Cfn 3 re9 ~ . Taking 
all this into account, we arrive at the main result of the Section. 

Theorem B. There is an order preserving one-to-one correspondence be- 
tween regular factorizations of a characteristic function ( up to the equivalence re- 
lation) and invariant subspaces of the resolvent (T — z)^ 1 , z G G_ of the corre- 
sponding model operator. 

This Theorem is an extension of the fundamental result from £Q (Theorems VII. 1.1 
and VII. 4. 3; see also 21 for some refinement). 

Corollary . Suppose that factorizations 9' 2 9[, 9' 2 9'{ are regular, 9' 2 9[ -< 9 2 6'{ and 
9 2 , 9[' -< 9' 2 9[ . Then 9' 2 9[ ~ 9' 2 '9'{ . 

Proof. Let V = F£ a {fifii) and L" = T^ 9 {9'J,9'D . By Theorem B, we get 
V C L" C V and therefore V = L" . Then, by Prop.lOl we have 9 2 9[ ~ 9' 2 '9'l . □ 



Note that the Corollary can be proved independently from Theorem B. The cor- 
responding argumentation make use of Lemmas 13.11 and 13.21 and therefore we can 
drop the assumptions that 9' 2 , 9' 2 , 9", 9 2 are operator valued functions. 

Proposition. Let A 2 i, A 42 , A 3X , A43 be contractions. Suppose that factorizations 
A 42 -A 24 , A 43 -A 31 are regular, A 42 -A 21 -< A 43 -A 31 and A 43 -A 31 -< A 42 -A 21 . Then 
there exists an unitary operator U such that A 34 = U A 2 \ and A 43 = A 42 U~ X . 

Proof. We shall make use of the following two lemmas. 

Lemma (mi). Suppose that \\A\\ < 1 and A\H X = I\H X . Then A*\H 4 = I\H X . 

Proof. We have A = ( I &12 V Then 
V a 22 J 

0<((I-A*A) ( ) ' ( )) = -(012/1.012/1) <0. 

Therefore, a X2 — and A = ( _ ^ ] . □ 

V U a 22 I 



Lemma (viii). Let A 2 \,A 32 be contractions. Suppose that factorization A 32 -A 2 \ 
is regular. Then (Ran A 32 V Ran A 2 i)' L — {0} . 

Proof. Let f ±_ (RanA| 2 VRan A21) ■ Then / e KerA 32 and / e KerA^ . Hence, 
(I - A 24 A 21 )f = f and therefore (/ - A 24 A* 21 ) ll2 f = f . Similarly, we have 
{L-Al 2 A 32 f/ 2 f = f. Then / e Ran (/- J 4* 2 ^ 32 ) 1/2 nRan (I- A 21 A* 21 )V 2 = {0} . 
□ 

From the definition of the order relation -< we get that there exists contrac- 
tions A 32l A 23 such that A 42 = A 43 A 32 , A 34 = A 32 A 21 , A 43 = A 42 A 23 , and 
A 32 = ^23^31 • Let A = ^23^32 • Then we have A 2 \ — AA 2 \ and A 42 — 
A 42 A and therefore A\ Ran A 24 = I\ Ran A 24 and A*|RanA42 = 71 Ran A 42 . 



By Lemma (vii) yl|Ran^442 = I|Ran^442. Finally, by Lemma (viii) we get 
A = A|(RanA 2 i V Ran^ 42 ) = 7|(RanA 2 i V RanA^) = I , that is, A 23 A 32 = L . 
Likewise, we get A 32 A 23 = L . Since A 23 and A32 are contraction, they are uni- 
tary operators. It remains to put U = A 32 . □ 
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In conclusion we again consider curved conservative systems. The following 
assertion is just a translation of Prop. |4~^1 into the language of systems. 

Proposition 4.4. Suppose E = (T,M,N) € Sys and a subspace L is invariant 
under the resolvent (T — z)^ 1 , z € G_ . Then there exist systems Si, £2 G Sys 

and an operator X : H\ © H 2 — > i? sucft £/iaf S ~ E2 • Si cm<i L = XH\ . 

Proof. Let S ~ S = .F sc (l9) and n = (it u tt 3 ) = F mc (0) ■ Then L = YL is an 
invariant subspace for the model operator. By Theerem B, there exists an regu- 
lar factorization 9 = 6 2 ■ 0\ such that L = T^^i ' $1) = RanP(2i) ■ Besides, 
6»i = 7rJ,7Ti and 6 2 = -k\-k 2 ■ We put LTi = (711, 7r 2 ) , n 2 = (7r 2 ,7r 3 ) , Si = JF sc (IIi) , 

and S 2 = ^ sc (n 2 ) . Let Si % Si and S 2 ~ S 2 ■ By Prop.O we get Ei-E 2 ~ E 
with the operator P(3i)(Yi,Y 2 ) realizing the similarity. It can easily be checked 

that L = P {U) (Y 1 ,Y 2 )H 1 . Then, for X = Y- 1 P {31) {Y 1 ,Y 2 ) , we get S ~ S 2 • S x 
and L = XH X . □ 

Besides, we have the following assertion. 

Proposition 4.5. Suppose the system E 2 • Si = S 2 ■ S' x is simple, H\ = H[ , 
and 6261 = 02®i ■ Then there exists ip such that ip, ijj^ 1 S H°°{G-i r , jC(D1)) and 

Si ~ S'/ = (Ti, Mi, N{>) , where N{'*h = J_iP(z)* [N*(T* - -)~7i]-(z) dz , 

hem. 

Proof. Let S = S2 ■ Si ~ S = T sc {6) and II = tt 3 ) = T mc (9) . Using the same 
notation as in the proof of Prop. l4~4l we obtain that the operators P(3i)(Yi,Y 2 ) 
and P(3i) (Y{ , Y 2 ) realize the similarities S2 • Si ~ S and S 2 • S^ ~ S , respec- 
tively. Since the system S ~ S is simple, by Prop. 1X^ 4). we get P(^i){Yi : Y 2 ) = 
P(3i)(Y{,Y^) and therefore P (3 i)(Yi, Y 2 )H X = P {31) (Y{,Y^H[ . Then, by Prop.OJ 
there exists an operator valued function tp such that -0, € H°°{G + , £(^2)) , 
6[ = ii'^x, and 6' 2 = 6 2 ip. According to 9, S'/ - S" = J r sc (ip- 1 6 1 ) . Since 
Si ~ S' = F sc (e[) , we get S' x ~ S'/ . □ 

Further, we shall say that a system S g Sys possesses the property of uniqueness 
of characteristic function if there exists an unique characteristic function O £ Cfn 
such that S = J 7 CS (Q) . Recall (see the Introduction) the sufficient condition for 
this property: the transfer function T(z) of the system S is an operator valued 
function of Nevanlinna class. For products of systems we have the following (non- 
trivial) fact: suppose that a system S = S2S1 is simple, possesses the property of 
uniqueness, and p(T\) PI G+ ^ ; then the system Si possesses the same property 
too. 

Proposition 4.6. Suppose the system S2 • Si = S 2 • Si is simple and possesses 
the property of uniqueness. Suppose also p(7i) D G+ ^ . Then S2 = S 2 . 

Proof. Let S = S 2 ■ Si = S 2 • Si and = 8 2 8i = 6> 2 6>i be the corresponding 
factorizations. Then Q\ = 9[ (see the comments before the Proposition). Since 
V A e p(Tx) n G+ ^ 3 01(A)- 1 , we get 8 2 = 0' 2 . Then S 2 ~ T sc {9 2 ) , 
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£2 ~ J- S c(02) and therefore £2 ^ £'2 ■ Taking this into account, we have £ ~ E 
and £ £ . By Prop.E3t4), we get X 2 = I . □ 
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